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Abstract

Bayesian Neural Networks (BNNs) offer a principled and mathematically grounded ap-
proach to producing calibrated, uncertainty-informed predictions, in contrast to tradi-
tional neural networks trained using Frequentist methods. However, this increased inter-
pretability often comes at the cost of significantly greater computational expense. In this
work, I explore the practical implementation of several variational inference techniques
applied to multilayer perceptrons (MLPs). Specifically, I examine variational dropout and
variational dense layers across three architectures: the standard LeNet-300-100 model for
classification, a shallow MLP with one hidden layer of 64 units for univariate regression,
and the feedforward sublayer within the Transformer Encoder block. Experimental re-
sults demonstrate that variational dropout and variational dense layers can induce useful
sparsity, allowing weights to be pruned in various proportions. An interesting finding is
that Bayesian methods can be used to induce sparsity in already trained models, thus
opening the possibility of more compact and deployable models. Experiments also reveal
that variational dense layers lead to sparser models for MNIST and Fashion MNIST, com-
pared to variational dropout layers. However, variational dropout performs well when
data training is scarce, particularly because of its ability to adapt its learned uncer-
tainty intervals to missing training data. The application of variational inference within
the Transformer Encoder yields inconclusive results, raising new questions for further

research.
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1 Introduction

Neural networks are a particular type of machine learning technology that can be found
in many state-of-the-art AI applications. One of the very first neural networks, the
perceptron, was modeled based on biological nervous systems(Rosenblatt, 1958). Today,
neural networks are far more diverse, and can be found in various technologies. A famous
example is the Transformer architecture(Vaswani, 2017), which is a core technology in
Large Language Models (LLMs).

According to Srivastava et al. (2014), deep neural networks (DNNs) are very expres-
sive models that can learn very complicated relationships between inputs and outputs.
The aim of neural networks (NNs) is to capture nonlinear, usually subtle or otherwise
hard to detect, underlying patterns in the training data that are persistent to new data
(Samek et al., 2021). In the context of training machine learning models, two main statis-
tical paradigms are applied: Frequentist and Bayesian. These paradigms differ not only
in how NNs are trained, but also in how predictions are interpreted. When trained in
the Frequentist approach, NNs can suffer from over-confident predictions, perform poorly
when training data are scarce, and they lack a principled way to quantify uncertainty,
especially for individual predictions (Arbel et al., 2023).

The Frequentist paradigm allows learning a set of parameters — in supervised learn-
ing these fixed parameters are also known as weights — without learning any associated
confidence measure per parameter. While it is possible to estimate confidence intervals
around model parameters using methods such as bootstrapping ( Bruce et al., 2020, pp.
161-163), these intervals are not learned during training, unlike the Bayesian paradigm.
Learning uncertainties alongside weights is a key feature of the Bayesian paradigm, which
can prove advantageous. For example, stochastic variational inference, a type of Bayesian
learning, has been demonstrated to be more robust to data set shift, despite yielding lower
accuracy compared to ensembles of Frequentist networks (Ovadia et al., 2019, p.5).

To build an intuition about the differences between these paradigms, consider a toy
example of binary classification with just 16 training instances. This example, adapted
from Assignment 2 of CS5914, illustrates the conceptual distinction between the two
approaches. While the Frequentist method yields a hard decision boundary between
classes, a Bayesian model using MCMC sampling provides soft probabilistic boundaries,

indicating the confidence of the model in its decisions.
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Figure 1.1: Comparison between Frequentist and Bayesian logistic regression on a toy
binary classification task with 16 training instances. Frequentist training produces a
sharp decision boundary. In contrast, Bayesian MCMC training incorporates uncertainty
into the predictions, resulting in several probabilistic classification zones.

This dissertation focuses on the implementation of Bayesian Neural Networks (BNNs).
Both training and inference will be explored from a Bayesian perspective and compared to
the Frequentist approach. The remainder of this section introduces the specific research
problem, presents the guiding research questions, and defines the aims and objectives of
the study.

1.1 Motivation and problem statement

Bayesian neural networks (BNN) have been studied extensively(Goan & Fookes, 2020;
Jospin et al., 2022; Blundell et al., 2015; Molchanov et al., 2017). A commonly agreed
definition of a BNN is a stochastic artificial neural network (ANN) trained using Bayesian
inference (Jospin et al., 2022, p.2). There are several advantages of BNNs that make
them attractive candidates: (i) they provide a natural way to quantify uncertainty, (ii)
they can learn from small datasets without overfitting, (iii) they allow integrating prior
knowledge into ANNs and (iv) they provide a principled approach to the learning method
(Jospin et al., 2022, p.4). Despite these advantages, BNNs are more computationally
expensive than their Frequentist counterparts — this is implied in the literature, rather
than explicitly stated. In addition, due to their stochastic nature, predictions made by
BNNs are inherently probabilistic rather than deterministic. Consequently, averaging
over multiple predictions may be necessary for relevant results- BNNs can be envisaged
as a particularly interesting case of ensemble methods (Zhou, 2012).

A type of ANN architecture is the Multi-Layer Perceptron(MLP) (Pinkus, 1999). De-

spite being older than other types of neural networks, MLPs are clearly very relevant



today, both as standalone architectures, and as integrated parts of more sophisticated
architectures. An interesting example is the incorporation of fully-connected feed-forward
networks in the Transformer architecture(Vaswani, 2017) — the two-layered feed-forward
components in the encoder and decoder are MLPs. MLPs have also found recent applica-
tions in time series forecasting: an interesting application is adapting MLP architectures
to make predictions in the frequency domain (Yi et al. 2023). In computer vision, the
MLP-Mixer, an architecture based solely on MLPs, has demonstrated results that are
as good as Convolutional Neural Networks (CNNs) and Transformer architectures (Tol-
stikhin et al., 2021), the latter being the go-to, state-of-the-art vision models. Thus, there
is potential in investigation Bayesian MLPs.

Bayesian MLPs have been explored, showing promising results in solving the inverse
problem in electrical impedance and in image recognition (Vehtari & Lampinen, 2000).
However, more recent work on BNNs tends to focus more sophisticated networks. For
example, in their work on Variational Dropout(VD), Molchanov et al. (2017) insist more
on applying the Bayesian approach to convolutional neural networks (CNN), although
they briefly experiment with the Bayesian MLPs LeNet-300-100. MLPs contain layers
that implement linear operations followed by non-linear activation functions — see chapter
2 for a detailed summary — which makes them computationally cheaper than many more
sophisticated architectures and therefore good candidates for Bayesian inference. This
work aims at exploring the benefits of Bayesian MLPs both as standalone architectures

and as part of Transformer architectures, through the following research questions.

e Q1 : What advantages and practical challenges come with implementing Bayesian

MLPs for supervised learning?
e Q2 : How do different methods of implementing Bayesian MLPs compare?

e Q3: What are the advantages of replacing feedforward layers (MLPs) with Bayesian

Variational Layers in transformer building blocks(Vaswani, 2017)7

1.2 Aims and Objectives

The aims and objectives of this work target the practical implementation of Bayesian
(variational) layers in neural networks. In the following, I present the original primary

objectives and I briefly explain what has been achieved in this project.

1.2.1 Primary Objectives

o Objective 1: Implement several variational inference (VI) methods for Multi-Layer
Perceptron networks to approximate posterior distributions of the weights given the

training data.



Status: Completed. Implemented three VI methods for MLP layers in the language

of Julia, benchmarked them and compared them across experiments.

Objective 2: Evaluate the performance of each of the algorithms on benchmark

datasets and simulated data to compare them.

Status: Completed. I made a comparison between three VI methods using different
MLP architectures on 5 i.i.d datasets, both real and simulated.

Objective 3: Analyze time/space complexity to evaluate all VI algorithms that are

implemented, to understand how they would scale.

Status: Completed. I used BenchmarkTools, a Julia package to analyze the perfor-

mance of the layers when processing data and as part of a training loop.

Objective 4: Where possible, compare the VI implementations with non-Bayesian
methods such as MLE (Maximum Likelihood Estimation).

Status: Completed. All networks were pre-trained in the Frequentist fashion until
convergence, so comparing VI with non-Bayesian methods, as well as combining

the two, has been investigated.

1.2.2 Secondary Objectives

Objective 5: Compare the implemented VI algorithms with the MCMC-based meth-

ods, the Laplace approximation, and MAP estimation.

Status: Partially completed. The VI approaches alone require extensive study, so
MCMC and MAP were considered for general background. However, MC sampling
was used to make predictions with BNNs and MCMCM was used to demonstrate

the advantage of the Bayesian paradigm.

Objective 6: Provide a higher-level tool for end-user implementation of the model
written in Julia that gives the user a high degree of flexibility and compare with

existing implementations (for example, in PyTorch, TensorFlow).

Status: Completed. The tool is a Julia custom module VariationalMLP. jl that
can be imported into a notebook. This tool can be used to create Variational Layers

with three distinct methods, with a great degree of faithfulness to the mathematics.

Objective 7: Compare and test the performance of existing optimizers (SGD, Adam,
AdaGrad) in optimizing the lower evidence bound (ELBO).



o Status: Completed. This was done during benchmarking, for Adam, RMSProp,
Descent (SGD), and AdaGrad.

o Objective 8: Extend the Bayesian MLP to probabilistic auto-encoders.

o Status: Partially Completed/Refined. As fully Bayesian auto-encoders require a
different treatment than Bayesian MLP, progression from Bayesian MLP to auto-
encoders may not be straightforward. However, replacing the Feed-Forward layers
with Variational Layers in Transformer architectures — which are a type of autoen-

coders — has been tested.

This investigation builds upon the work of Molchanov et al. (2017), Kingma et al.
(2015), and Graves (2011). The practical outcome is represented by experimental results
realized via a Julia module, VariationalMLP.jl, which enables users to define MLP
models incorporating variational dropout and variational dense layers with a high degree
of flexibility:

o The number of layers can be specified.

o The sampling procedure via reparameterisation trick and variational objective can

be specified.

 Different initialization strategies can be selected. This means that the model can
be initialized based on weights and biases obtained from pre-training MLP in the

Frequentist approach.
o Activation functions can be specified for each layer.

e The number of neurons can be specified for each layer.

1.3 Structure

The remainder of this dissertation is structured as follows. Chapter 2 introduces most
of the mathematical and theoretical background that is necessary for understanding
Bayesian inference in general and Variational Dropout in particular. Chapter 3 explains
the design decisions behind the Julia implementation and benchmarks the proposed Julia
module. Chapter 4 presents experiments, for both classification and regression tasks, for
datasets with different properties, and analyzes the results. Chapter 5 draws conclusions,

and proposes some future directions for this work.
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2 Context Survey

This section presents a review of some seminal papers to provide a theoretical background
for this work. It starts by introducing the Multilayer Perceptron(MLP) architecture.
Then, it defines the process of "learning", also known as training a neural network, in
the Frequentist approach. Following this, it continues with a discussion of the concept
of dropout as a method of regularization. Then an explanation of Bayes’ rule is pro-
vided, followed by a general formulation of the Bayesian approach to training. Then, it
proceeds with explaining the mathematical formulation of a particular Bayesian method-
ology named Variational Inference (VI) — Variational Dropout is a special case of VI.
Finally, a discussion of Bayesian inference for training and its connection to Monte Carlo

(MC) sampling is provided.

2.1 The Multilayer Perceptron

An extensive overview of neural networks is beyond the scope of this dissertation. Here,
I focus on the Multilayer Perceptron(MLP) architecture, a simple but foundational NN
architecture. A discussion of MLP, from first principles, is provided by Géron(2023, pp.
309 - 316). Figure 2.1 below is adapted from Figure 10-7 (Géron, 2023, p. 309), and it

shows a very shallow MLP architecture with just one hidden layer.

Neuron

Hidden output gl
Layer Layer

Figure 2.1: An MLP with just one hidden layer. The input layer is designed to receive
features X; and X,. The hidden layers consist of four neurons that process the input,
before passing it to the output layer with two outputs Y; and Y5. Each neuron performs
a weighted sum on incoming inputs, and then applies a layer-specific activation function
before propagating the signal further.

11



Consider the context of "supervised learning', a subset of machine learning tasks. In
supervised learning, a dataset D consists of features and a response. In Figure 2.1, for
simplicity, the data consists of just two features X; and X5, and one binary response
variable y — this is a supervised classification problem.

Training a network involves a forward and a backward pass. In the forward pass,
the MLP in Figure 2.1 receives two features via its input layer. The number of features
must be equal to the number of neurons in the input layer : in the example presented
above, there are two neurons for two features. The neurons in the hidden layer first apply
a linear transformation on all the incoming input (denoted ), before applying a non-
linear activation [J. Non-linear activations are typically defined per layer, so each of the
four neurons in the hidden layers applies the same activation function. It is important
to have these non-linear activation functions between layers, otherwise the MLP cannot
model non-linear patterns. The outputs from the four neurons pass forward to the next
layer of neurons, where two operations are applied: linear weighted sum followed by non-
linear activation. When a network contains a deep stack of hidden layers, it is called a
Deep Neural Network (DNN) (Géron, 2023, 0. 309).

A detailed explanation of deep learning inference and training can be found in Hoeffler
et al. (2021, pp. 5-6). The deep learning model is essentially a graph of parameterizable
layers that implements a complex non-linear function (Hoeffler et al, 2021, p.5). Based

on Hoeffler et al. (2021, p.5), I developed the following definition for supervised learning:

Definition 2.1.1. For a training set, composed of pairs of features Xipain € X and labels
Yirain € YV, supervised learning is to learn the function f : X — Y parameterized by a
set of weights w € R%, so that given an input X € X, the prediction f(X;w) is close to
yeV.

Training also means computing gradients "backwards"; this is called a backward
pass. The backward pass allows propagating gradients backwards, a feedback mecha-
nism. Training a network is essentially an optimization problem and the objective of this
optimization is, in the Frequentist paradigm, a loss function that describes how far re-
moved are the learned model’s parameters from the "true" signal. Deep neural networks,
consisting of multiple layers, are usually trained using a penalized maximum likelihood
objective to find the set of parameters (Murphy, 2023, p.647). The learned weights w
can be later applied to data consisting of new features X,ew, resulting in new responses
Ynew — these new responses are called predictions. The network is usually evaluated on a
separate set of examples that were not used to train the model so that the generalization
capability of the trained model to unseen data can be evaluated (Hoeffler, 2021, p.5). The
trained model will output fixed parameters without uncertainties ( although these can
be calculated via various methods), so it outputs definite answers; the ability to produce

uncertainty estimates is a critical feat in many applications (Jospin et al., 2022, p.3).
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2.1.1 Dropout

With limited training data, NNs can lead to overfitting — they can learn the noise from
the data rather than the signal (Srivastava et al., 2014). "Dropout' means dropping
out units in a neural network during the training phase. In practice, applying dropout
means deactivating neurons, with a certain probability p, resulting in a "thinned" network
consisting of the units that survived dropout (Srivastava et al., 2014, p. 1930). This
selection of pruned neurons occurs probabilistically for each iteration, which means that
the resulting network becomes an ensemble of sub-networks (Srivastava et al., 2014, p.
1934), each trained on different configurations of the original networks. Figure 2.2 aims
at an intuitive understanding of dropout, and it captures one "snapshot" during one of
the forward passes : certain neurons go "offline", and the resulting network that is trained

is much simpler.

Figure 2.2: An MLP with two inputs, features X; and X5, on hidden layers consisting of
four neurons, and one output layer with two outputs Y; and Y5 with Dropout. During a
training pass, half the neurons are "switched" off, which for such a small network leads
to quite dramatic simplification.

Dropout is like an ensemble method. For a neural network with n units, applying
dropout means training a collection of 2" thinned networks with extensive weight sharing,
where each thinned network gets trained very rarely, if at all (Srivastava et al., 2014,
p-1930). Applying dropout can also be seen as injecting noise into the networks nodes
during training (Li & Liu, 2020).

To understand dropout from the Bayesian perspective, consider the example of an
intermediate layer of the BNN where dropout is applied. As discussed in Molchanov et

al. (2017), the operation of a layer can be reduced to matrix multiplication as follows:

e M x I input matrix A
o [ x N Weights matrix W

e M x N Resulting matrix B

13



o Before any non-linearity is applied: B = AW

Dropout is seen as adding multiplicative noise to the input layer A, so that B =
(AGE)W, &~ p(£). and € can be sampled from different probability distributions.
For example, if p(§) — Bernoulli(1 — p), then each element of the input matrix A is set to
0 with a probability p. Molchanov et al. (2017) equate putting multiplicative Gaussian
noise &;; on weight w;; to sampling w;; from a Gaussian parametrized by 0;.

Dropout can be understood as either shutting off neurons, or as inserting Gaussian
noise. The perspective of injecting noise is important to the Bayesian paradigm, which
considers dropout as a variational parameter that is learned during training, rather than

as a fixed hyper-parameter to be set before training commences.

2.1.2 Pruning

Pruning weights has emerged as an effective approach to model compression, especially
when deploying large, accurate deep learning models would pose problems in energy
efficiency (Zhu & Gupta, 2017; Anwar et al., 2015). Model compression techniques based
on pruning remain widely explored, especially as they provide several advantages to model
deployment; In their review paper, Li et al.(2023) provides a synthesis of the advantages

of pruning weights based on previous works:

» Conserves storage space, especially on edge devices.
e Reduces computational demand and speeds up model inference.
» Reduces the complexity of the model and prevents overfitting.

e Reduces training time and computational resource consumption, thus reducing

training costs.

« Improves the deployability of the model, as smaller models are easier to deploy on

edge devices

This is especially interesting due to the integration of deep learning networks in mo-
bile devices, which are energy constrained and cannot handle the amount of processing
required by DNNs — such computation is usually hosted on high-end cloud servers (Kang
et al., 2017, p. 615). Partitioned DNNs between Edge and Cloud have been widely re-
searched (Varghese et al., 2016). The important idea for this work is that more compact
models on the Edge improve deployability.

A structured way to prune trained models is via a sparsity function (Zhu & Gupta,
2017, pp. 2-3). Sparsity can be understood as the percentage of weights that do not

contribute anything to inference, so they can be safely removed (pruned), resulting in

14



a more compact model, at negligible loss of predictive performance. Considering the
example in the previous section, it is the weight matrices W that are pruned. This means
pruning can be associated to given layers, but it is not applied to the layers themselves,
but to the parameters linking the layers of a NN.

The work by Molchanov et al.(2017) shows how variational dropout can induce useful
sparsity. Sparse models are also discussed in Graves(2011) and Kingma et al. (2015).
Sparsity proves useful as an informed way to prune weights without much loss of accuracy,
potentially facilitating the deployment of significantly smaller models at only a small cost

in predictive performance.

2.2 Bayes’ Rule

This section summarizes the Bayesian approach applied to supervised learning. The crux

of the Bayesian approach lies in the following equation (Barber, 2012, p.18):

p(D | w)p(w)
p(D)
Equation 2.1 above is Bayes’ rule. I will give an interpretation of each term, based

on Barber (2012, p.18) :

p(w| D) = (2.1)

e p(w | D) is the posterior distribution. This term can be interpreted as the proba-
bility of the model parameters w given the observed data D. This is a very natural
interpretation of a model : model parameters w have an associated probability
distribution based on observed data D. In the Bayesian paradigm, learning such a
distribution is the goal of training, unlike learning the set of point-like weights in

the Frequentist approach.

e p(D | w) is the likelihood, a generative model of the data given the parameters.
The likelihood can be chosen based on the type of observed data. For example, for
a regression model the likelihood can be a Gaussian distribution, while for a binary
classification problem the likelihood can be categorical distribution(Blundell et al.,
2015).

o There is also a prior belief about the parameters, p(w). This is actually a significant
advantage of the Bayesian approach, as it allows to control the distribution from

which the parameters are drawn — it can be interpreted as a form of regularization.

« Finally, the denominator p(D) is the evidence term, and it is simply the probability

of observing the data.

The evidence term is a constant that can be obtained by integrating over the condi-

tional probability, which means it is an integral over the prior multiplied by the likelihood:

15



/p p(D | w) (2.2)

However, in practice, p(D) is often intractable (Blei, 2012, p.4), which means it cannot
be computed in closed form. Hence, a direct calculation of the posterior distribution in
Eq. (2.1) is often not possible. In practice, resorting to an approximation is desirable —
this will be discussed in detail in the next subsections.

Bayes’ rule provides a principled scientific method for inference — it is a very natural
approach to modeling. This is because given some assumptions of the type of generative
model(likelihood), coupled with assumptions of the parameters w (the prior), the condi-
tional probability of the parameters given the data, that is, the model, can be inferred.
The Bayesian approach does not exist in a vacuum : it can be linked to well-tested meth-
ods such as Maximum Likelihood Estimation (MLE). In fact, it can be shown that Bayes’s
rule applied to learning is a more general case of Maximum Likelihood Estimation(MLE),

or alternatively, that MLE is a specific case of Bayesian inference.

2.3 MAP and MLE

The term ’likelihood’ is used for the conditional probability that a model generates new
data (Barber, 2012, p.184). There is an unspoken assumption for the terms in Eq. (2.1) :
the data is generated by some model M such that the likelihood p(D | w) is a conditional
probability on the model p(D | w, M) (Barber, 2012, p.184). However, since the weights
are assumed to be produced by the model, the weights imply the existence of the model,
so the likelihood can be simply expressed as p(D | w) without loss of rigor.

The Maximum Likelihood (ML) methodology is a staple of statistical signal process-
ing. As in Tzikas et al. (2008, p.132), for some observed data D and parameters w of the

unknown model M, the ML estimate is:

Wy = arg mgxp(D;w) (2.3)

The notation p(D;w) implies that w are parameters of the model that generated
the data (Tzikas et al., 2008, p.132). Maximum likelihood estimation is closely related to
Maximum a Posteriori (MAP), the latter being known as "Poor Man’s Bayesian Inference'
(Tzikas et al., 2008, p. 133). In MAP the posterior is maximized, not the likelihood, as

follows:

Warap = argmue)mxp(w | D) (2.4)

Tzikas et al.(2008), use the Expectation-Maximization (EM) algorithm for MAP esti-

mation, but the principle behind MAP remains very simple : instead of maximizing the
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likelihood, it is better to maximize the posterior because of the incorporation of extra
information in the form of a prior p(w). This is actually the important link between MAP
and MLE. Clearly, setting p(w) = C, where C' is a constant, means MAP is reduced to
MLE. This is because constants under maximization/minimization operations do not in-
fluence the optimized quantity. Since p(D) is already a constant w.r.t w, wyjap = wWilLE-
This is an important result, because it shows that the Bayesian approach, is actually a

more general form of MLE through the incorporation the prior p(w).

2.4 Bayesian SVM

A general Bayesian framework for obtaining sparse solutions for linear regression and clas-
sification models has been proposed by Tipping (2001). The Bayesian SVM (Tipping,
2001) remains highly relevant as it demonstrates many of the advantages of working
within the Bayesian paradigm. In the following, a summary of Tipping’s(2001) approach
will be provided. First, consider that the data to be predicted, the signal y, can be ex-
pressed as a linear combination of fixed basis expansions applied to the features (Tipping,
2001, pp. 211 - 212):

y = Zwi¢i(xi) = dw (2.5)
In the above, w = (wy,ws, -+ ,w;, -+ ,wy,)" are the weights of the linear combina-
tion. The design matrix can be defined as ® = (¢1,- -+ , ¢,,,), where the basis expansion

functions ¢, = (Gm(X1), -+, dm(xn))T are applied to the features (Tipping, 2001, pp.
211 - 212). Thus Eq. (2.5) provides a formulation that is not at all dissimilar to classical
neural networks : the response y is a linear combination, the weighted sum over the
transformed features ¢;(x;). Essentially, the design matrix is a form of feature engineer-
ing. Comparing this with the MLP in section 2.1, it becomes clear that the order of
transformations somewhat changes: the features are first transformed according to the
non-linear basis expansion functions, and then the parameters of a linear combination
of the transformed features are learned. The important similarity is that the the non-
linearity introduced by the design matrix serves the same role as the non-linear activation
functions in MLPs.

In choosing the likelihood of this model, Tipping makes two assumptions: (i) that
the observations are independent and (ii) that the data are drawn from a Gaussian

distribution. The equation below is the log-likelihood function, based on Tipping (2001):

1 n
lnp(}”W, 02) — _§ln 27?0 2—2 ())2 (2.6)

In Eq. (2.6) there are as many parameters w as labels y, which means the model is
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prone to severe overfitting without regularization (Tipping, 2001, p. 214). This is another
similarity to MLPs, as these networks are also vulnerable to overfitting without dropout.
The Bayesian approach offers an elegant way of applying regularization: choosing a prior

that constrains the weights.

p(w|0,a) = N(w;0,A™") (2.7)

Eq. (2.7) shows how the weights are regularized, implicitly showing the assumptions
that come with this particular form. The first assumption is, clearly, that the weights
are drawn from a Gaussian distribution N - so most weights are expected to be close
to the mean. Since the mean of this Gaussian is 0, this type of regularization reflects
the belief that all weights are small. The weights are effectively controlled by individual
variances ;! that are diagonal elements of the matrix A = diag(ay, -+ , ) = diag(a).
Hence, this model assumes that the effect of each feature is small, so that the signal is
constructed from many equally important features.

Beyond regularization, two characteristics of this particular Bayesian approach can
be noted :

« Each weight w,, is drawn from a Gaussian with mean 0 and variance «,'. This
means that the confidence in parameters ! are also learned, which is very different

from the Frequentist cases where only the weights are learned.

« The aim is learning a probabilistic model akin to the posterior p(w|y, A7), from

which the weights can be sampled.

A Bayesian model will be stochastic, as each prediction presupposes sampling a new
set of weights from the learned distribution, ideally from p(w|y, A~1), before making
a prediction. In this case, the learned parameters are the elements of the matrix A.
In terms of computational complexity, it becomes apparent that the Bayesian approach
is not cheap, but it provides advantages as it is interpretable. However, learning the
exact distribution in many cases is not feasible. There are two big classes of methods
for learning an approximate distribution to the true posterior : MCMC and Variational

Inference. Variational inference is the focus of the next section.

2.5 Variational Inference

In this section, I aim to explain the key mathematical equations behind variational infer-
ence (VI) . In general terms, VI is a Bayesian methodology : given data D, the aim is to
learn an approximate distribution g(w) of the true posterior p(w | D). To measure how
close the approximated distribution is to the true distribution, a similarity metric named
the Kullback-Leibler (KL) divergence is used.
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2.5.1 Information theory

The KL divergence is a key metric for Variational Inference that measures the quality
of an approximated distribution ¢ with respect to a target distribution p (Molchanov
et al., 2017; Kingma et al., 2015, Blei et al. 2018; Graves, 2011). Eq. (2.8) gives the

mathematical expression of the KL divergence.

KL(gllp) = [ g(w)n [p(ifj")p)] dw (28)

In Eq.(2.8) above, ¢(w) is the approximate distribution of the real posterior distribu-
tion p(w | D) and the use of an integral instead of a sum means that these probability
distributions are continuous rather than discrete. A discussion of the KL Divergence,
through the lens of Information Theory, is provided by Bishop (2006) in Pattern Recog-
nition and Machine Learning. 1f q is used to construct a coding scheme for transmitting
values of w to a receiver, then the average additional amount of information required to
specify w as a result of using ¢ instead of p is given by the KL divergence (Bishop, 2006,
p.55). Bishop simply follows Eq.(2.8), which is simply the expectation value over the ¢

distribution of the logarithm of the two differences:

KL(g||7) = (In [mbq(w (29)

Clearly, the logarithm fraction presented above can be expressed as a difference:

KL(¢[|p) = (ng(w) = Inp(w [ D)])gw (2.10)

From an information theory perspective, the information content h(w) of a probability
distribution p(w) can be expressed as h(w) = — In p(w), with the choice of the basis of the
logarithm being arbitrary (Bishop, 2006, pp. 48 - 49). Thus, the KL divergence is simply
the expected value of the difference in information content between the two distributions
q(w) and p(w). Now, given that the expectation value of a distribution converges to the
mean for large samples, it follows that the description given by Bishop(2006, p.55) is
very intuitive : since the KL divergence is the expected amount of information loss when
choosing ¢(w) instead of p(w), minimizing the KL divergence between ¢(w) and p(w)
means choosing a distribution ¢(w) that would result in minimal information loss when
sending values of w to a receiver. The problem of finding the approximated distribution

q(w) to the real intractable posterior p(w) is reduced to optimizing the KL divergence:

q" < argrr(lir)lKL(q Ip) (2.11)
q(w

The KL divergence has some interesting properties. First, it is not symmetric, which

implies it is not a distance. This can be proven by simply swapping ¢ and p in Eq. (2.8).
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It is trivial to show :

KL(¢q|[|p) # KL(p|[q) (2.12)

Second, the KL divergence satisfies K L(q||p) > 0 with equality if and only if p(x) =
q(z) (Bishop, 2006, p. 55). If ¢(w) = p(w | D), the logarithm in Eq. (2.8) is In1 = 0,
which means KL(q||p = q) = 0. It can be shown using Jensen’s inequality that KL
divergence is strictly positive for all other cases (Bishop, 2006, p.56). To understand
the KL divergence better, I will review another information theory key concept, namely

entropy. For a discrete signal, Bishop(2006, p.49) gives the following definition of entropy:

Hlz] = =) p(z)log, p(x) (2.13)

The above definition is the entropy of a random variable z, and it represents the
average amount of information that a sender transmits to a receiver (Bishop, 2006, p.49).
Since the above is simply the negative expectation value over p(zx), I will adapt this to the
continuous case and choose e as the logarithm’s basis. Hence, for a continuous probability

q(w), the entropy becomes:

Hig(w)) = - [ a(w)n g(w) dw (2.14)

Given that the amount of information transmitted is simply —Ing(w), the entropy of
the random variable w is the expected amount of information w transmitted between the
sender and the receiver. KL divergence is practically a difference of the entropy of the two
distributions, the true posterior p(w | D) and the approximate distribution ¢(w). But
how does this apply, practically, to the "learning" of the approximate distribution ¢(w)?
In the next section, I will show that finding the approximate distribution is actually an

optimization problem involving both the entropy and the KL divergence.

2.5.2 Lower Bound(Variational Energy)

In practice, the KL divergence cannot be directly computed due to the presence of the
constant evidence term In[p(D)]. However, when optimizing, constants do not matter,
so instead of optimizing the full KL divergence, one can optimize the KL divergence
minus the constant In[p(D)]; this is known as the lower bound ( Blei et al., 2018, p.6).
To demonstrate this, I will return to Eq.(2.8). Since the logarithm of a fraction is the

difference between the logarithm of the numerator and the logarithm of the denominator:

KL(gl|p) = [ (w) mlg(w)]dw ~ [ q(w) mlp(w | D)} duw (2.15)

The first term of the equation above is just the negative entropy H(q) :
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KL(glp) = ~H(q) ~ [ a(w)Inp(w | D)]dw (2.16)

p(w,D)
p(D)
to express everything in terms of the joint distribution p(w, D). This leads us to the

For the second term, one can use the definition of the posterior p(w | D) =

following expression:

KL(g|p) = ~H(q) ~ [ a(w)Infp(w, D)]dw + [ q(w)In[p(D)] duw (2.17)

The expectation value of a constant, is simply that constant. So the third integral
on the right hand side is simply the logarithm of the evidence term. This leads to the

following equation:

KL(g||p) = ~H(q) ~ [ a(w)In[p(w, D)} dw + In[p(D)] (2.18)

When optimizing the KL divergence with respect to ¢, the term In[p(D)] is just a
constant, so it can be ignored under optimization. Plucking the form above into the Eq.
(2.11) yields:

¢" + argmin <—H(Q) - /Q(w) In[p(w, D)] dw) (2.19)

So the optimization problem is now reduced to Eq. (2.19) above. Previously, I

discussed that the KL divergence is always positive or equal to 0. This means:

n(p(D)) = H(a) + [ aw)nlp(w, D)] dw = ELBO(q) (2.20)

The term on the RHS | which is the negative of term under minimization in Eq.(2.20),
is lower bounded by the natural logarithm of the evidence term. This is naturally called
the Evidence Lower BOund, or ELBO. In Eq. (2.20), it is the negative of the lower

bound that is being minimized, which is the same as maximizing the lower bound.
q" + arg rr%agc ELBO(q) (2.21)
q(w
This result is quite interesting, for at least two reasons:

e The problem of finding the approximate distribution ¢ is reduced to maximizing
the lower bound (ELBO).

o The ELBO is just the expectation value of the full joint distribution p(w, D) regu-
larized by the entropy term H(q)

The Lower Bound is explained extensively in literature (Tran et al, 2021; Blei et al.,
2018, p.6; Kingma et al., 2015, p.2; Molchanov et al., 2017), as the optimization objective

21



for Variational Inference. There is also an alternative formulation approach to maximizing
the lower bound, which is minizing the variational free energy (Graves, 2011). Naturally,
going from one method to another is straightforward, because minimizing a function is
the same as maximizing its negative. Thus, the variational free energy is simply the
negative of the lower bound F(q¢) = —ELBO(q) . This means that finding the best

approximate distribution can be framed as minimizing the variational free energy:

q" + arg rr(ur)l F(q) (2.22)
q(w

For completeness, the variational free energy can be simply written in the following

form:

Fla) = ~H(a) - [ atw)np(w, D)] dw (2.23)

The variational free energy F, can practically be minimized with Gradient Descent.
The particular form of ¢(w) is important, as it allows an analytical form of the variational
free energy. Thus, a "fixed" form approach to the distribution ¢(w) can be taken, which
means learning the parameters of the fixed distribution — this is the focus of the next

section.

2.5.3 Fixed-form Variational Inference

Tran et al. (2021) give a very detailed practical tutorial on Variational Bayes. The
tutorial addresses two forms of Variational Inference : Mean Field Variational Bayes and
Fixed-form Variational Bayes (Tran et al., 2021). For BNNs, the Mean Field approach
would fail because the joint distribution p(w | D), presented in Eq. (2.23), does not have
a clean form for neural networks. However, Fixed Form Variational Bayes is suitable for
BNN. Fixed form means the approximating distribution is fixed (known), for example it
belongs to some class of distributions (Tran et al., 2021, p.11). A special case of fixed
form variational inference is when approximate distribution is a Gaussian distribution.
Tran et al. (2021, p.23) discuss several variants of Gaussian Variational Bayes, but in
the following I will only introduce the main ideas behind Cholesky decomposition as the

other examples are strikingly similar. I will start with a Gaussian fixed form:

q(w) =N(w;m,V) (2.24)

The above is a Gaussian with mean m and covariance V. This means that to "learn"
the distribution, it is sufficient to "learn" its mean and variance, which are variational
parameters. Expressing the above analytically and taking the logarithm gives the follow-

ing:
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In g(w) — —12) In (27) — ;m (V) = ;(w —m)™V - (w —m) (2.25)

The problem now becomes taking the gradients of the expectation of the full joint,

an expectation which depends on ¢(w). Here, one can apply reparameterisation trick
that can reduce the variance (Tran et al., 2021, p.23). Instead of taking the expectation
over the approximate distribution ¢(w) = N(w;m, V), which is hard to compute, the
expectation can be taken over a different parameter v such that the following linear

transformation exists:

w=m+ Lv (2.26)

In a way, the linear transformation above means translating the original unknown
Gaussian ¢(w) to a known Gaussian N (0,I) from which it is easy to sample. In the
above, L is a lower triangular matrix, where V uses Cholesky decomposition such that
V = LL" (Tran et al., 2021, p.23). The following identity is useful: {f(W))w~n'(m,v) =
(f(¥))vno1)- It can be shown that the gradient with respect to m on both sides of the
identity yields :

VL<f(W)>wN/\/(m,V) = Vm+L,,<f(m + LV)VT ©) SL)uwN(O,I) (2.27)

In the above added o. This is the Hadamard product, a binary operation taking two
matrices as input and returning their entry-wise product as output. Here, Sy, is a lower
triangular matrix, with 0 above the diagonal and entries of 1 beneath it that ensure the
expectation respects the form of the lower triangular matrix L. A different factorization
of V can be applied, but the main idea of using a reparameterisation trick for a fixed
form VI remains. This is particularly useful when trying to minimize the variational free
energy F'(q). As an example, consider the case of fixed basis expansion Tipping(2001),
where the signal is modeled according to the design matrix ®. It can easily be shown

that applying the tricks above renders the following form of the variational free energy :

Vil = _<Vm+LV lnp(m + LV? a,y, 6|q))>V~N(O,I) (228)

As seen above, reparameterizing w can actually be useful because now the sampling
process is taken with respect to a known Gaussian N (0,I), which greatly simplifies the
problem. This type of reparameterisation can be integrated into a forward pass of a

neural network such that two steps are followed:

o Step 1: Sample some noise from a known Gaussian : v ~ N(0,T)

o Step 2: Use the reparameterisation trick to obtain the weights: w = m + Lv
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In effect, the weights w are not learned directly, but by sampling v and then com-
puting them through parameters m and L in an iterative way. The fixed form above
shows that variational parameters can be effectively learned, from which the weights can
be reconstructed. As discussed by Kingma et al. (2015) and Molchanov et al.(2017),
variational dropout is simply a case of variational inference where the dropout parameter
is treated as a variational parameter, which means it is learned as the network is trained,
rather than fixed a priori — Chapter 3 discusses exact methods of implementing Vari-
ational Dropout. Making predictions with Bayesian models, as well as approximating

expectation values, can be practically achieved via Monte Carlo methods.

2.6 Monte Carlo Methods

In this section, I give brief overview of Monte Carlo methods. MCMC techniques have
a long history of application to solve integration and optimization problems, and they
are directly applicable to Bayesian Inference (Andrieu, 2003, p. 7; Andrieu & Thoms,
2008). Monte Carlo estimators can be used in the implementation of algorithms, such
as the SGVB estimator (Molchanov et al, 2017; Kingma et al, 2015), or simpler Monte
Carlo integration such as in Graves(2011, p.4). There is an important distinction to be
made between Monte Carlo(sampling) and MCMC(Markov Chain Monte Carlo) methods,

which I aim to clarify below.

2.6.1 The Monte Carlo Principle

First, I will introduce the Monte Carlo principle, as illustrated by Andrieu et al. (2003,
p.8) : given a set of identically distributed set of samples (i.i.d samples) {z®}Y, drawn
from a target probability density p(x), one can construct an empirical point-mass function

pn(z) that approximates the target density :

ox(@) = 3 > d0(x) (2.29)

Eq. (2.29) shows that the approximated target is an average over Dirac-delta functions
centered at x;. To visualize it, I will use a Kernel Density Estimation (KDE), which is
a useful tool in visualizing how samples can be translated into a distribution. The plot
below shows the KDE becomes closer to the original distribution as more samples are
drawn.

This type of sampling is directly applicable to trained networks. As in the preceding
section, consider a trained Gaussian through VI : ¢(w) = N(u, 0?). Sampling from this
Gaussian means drawing values of the mean %, which represents the expected weight,

and the associated uncertainty o*. This means that each set of parameters w is actually
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Figure 2.3: Monte Carlo approximation improves with increasing number of i.i.d. sam-
ples. Each plot shows samples (dots) and the true target distribution (black curve). The
KDE distribution is just a post-processing tool, to better visualise the reconstruction.

the mean of the Gaussian with the added standard deviation. Making a prediction with

such a network can be reduced to the following three steps:

« Draw a set of weights (sample) from the trained Gaussian : u®) o®) ~ N(u, 0?)

o Compute the corresponding weight, different each time based on the drawn param-

eters : w® = y® 4 eg®)

o Make T predictions on the data, and calculate the inherent standard deviation from

these samples.

Applying the model once gives only one probable prediction — one of many possible
predictions. This is where the model’s probabilistic nature comes into play — each pre-
diction is stochastic, so drawing multiple values allows to derive a statistically significant
expectation value. Hence, the Monte Carlo principle can prove to be a very effective tool
for Bayesian Inference. Under the assumptions that the samples are i.i.d, the following

can be done:

o Sample T samples {u® c®}T "in the same way as before, from N (u, 0?)
o Make T predictions, where each prediction has an intrinsic uncertainty.

o Take the mean over the predictions to construct an empirical value and associated

uncertainty.

Monte Carlo sampling does not need to occur only in the context of Bayesian Inference.
For example, Srivastava et al. (2014, pp. 1946 - 1947) use Monte Carlo sampling to
obtain improved predictions for neural networks with dropout trained in the Frequentist
approach: they sample k& neural networks using dropout for each test case and average
their predictions. Given the probabilistic nature of the Bayesian approach, using MCMC
seems like a natural extension. However, this type of principled averaging is very different

from constructing a Markov Chain, which is an alternative method to VI.
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2.6.2 MCMC

MCMC methods are a strategy to draw samples using a Markov chain mechanism(Andrieu
et al., 2003, p.13). A precondition of using MCMC is to calculate the approximate dis-
tribution up to a constant, and then MCMC mimics drawing from the true distribution
(Andrieu et al., 2003, p.13). For example, an ideal situation for using MCMC is when the
posterior in Eq. (2.1) can be calculated up to the evidence term p(D). It is sufficient to
have an approximate form of the posterior given by p(D | w)p(w), that can be sampled
from. This means that an intractable evidence term does not matter, as it is not included
in the approximate distribution. Clearly, this means that both the likelihood p(D | w)
and the posterior p(w) must have a known analytical form, so that the approximate
posterior can already be built and sampled.

A very famous algorithm is the Metropolis -Hastings algorithm (Metropolis et al.,
1953) which consists of only two steps : sampling a current candidate from a proposal
distribution and accepting or rejecting the candidate based on an acceptance ratio. More
sophisticated algorithms, such as adaptive MCMC have also been proposed (Andrieu &
Thoms, 2008). MCMC differs from VI since it constructs a Markov chain to approximate
the true distribution. The advantage of Metropolis is that it can be used effectively to
draw nuanced decision boundaries, since it involves sampling to make predictions. As an
example, consider the following decision boundary zones for a simple binary classification
problem — figure 2.4 is the same problem presented in the introduction, but contextualized
here.

Bayesian MCMC prediction
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Figure 2.4: Binary classification problem and Bayesian boundary. Diagram created as
part of the submission of Assignment 2 of CS5914.

In my approach, I will use MC sampling for inference, as this keeps everything closer
to the Bayesian paradigm. In the next section, I will conclude this chapter by presenting

a comparison between Bayesian and Frequentist training and inference.

2.7 Bayesian vs. Frequentist

As previously discussed, Bayesian approaches are diverse, but I will take consider only

a specific subset of Bayesian methods. For the training phase I will use (i) Variational
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Inference, while (ii) assuming a Gaussian fixed form of the approximate posterior ¢, which
will practically be found by minimizing the (iii) Variational Free energy. For inference,
I will draw MC samples from the learned approximate Gaussian ¢ and compute expec-
tation values together with uncertainty estimates. In light of the previous discussion,
the following table summarizes the main differences between Frequentist and Bayesian

paradigms.

Table 2.1: Comparison between Bayesian and Frequentist Neural Networks

Aspect Frequentist Neural Net- | Bayesian Neural Network
work
Objective Loss : Cross-Entropy, MSE Variational Free Energy (nega-

tive ELBO)

Learnt parameters | Point estimates w Approximate posterior ¢(w) =

N (6,0?) over weights w

Uncertainty No inherent uncertainty esti- | Uncertainty derived from pos-
mation. terior samples.
Inference Forward pass with fixed | Monte Carlo sampling: multi-

weights

ple forward passes using sam-

ples from ¢(w)

For each objective function, a form of Gradient Descent can be used to learn the
parameters. For BNNs, during either training or inference, a sample trick can be used as
in Eq. (2.26), which allows the calculation of backward gradients, as per the example in
Eq. (2.28). In the next chapter, I will introduce several methodological considerations

for implementing variational layers.

2.8 VI in Transformers

Bayesian variational transformers have been investigated in literature: Bayesformer (Xiao
et al., 2024), VT Ns (Arroyo et al., 2021), Variational Transformers for anomaly detection
(Wang et al., 2022), to name only a few. However, the aforementioned works seem to
focus on either applying VI to the attention layer, or to model the Transformer based on a
fully Variational Auto-Encoder(VAE). A seemingly unexplored direction is to investigate
the performance of a hybrid Variational Transformer block where the attention layer
is implemented in the Frequentist approach and a Variational MLP replaces the FFN
layer. To better understand this, consider the following diagram taken from the original

Transformer paper(Vaswani, 2017).
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Figure 2.5: Transformer architecture (Vaswani, 2017) — diagram taken from the original
paper.

As seen in the figure above, the Transformer is essentially an Auto-encoder based on
Multi-Head Attention and Feed Forward layers. The encoder comprises N = 6 blocks,
each such block consisting of one Multi-Head attention and a Feed Forward MLP, together
with Add & Norm layers that normalize the outputs — the latter are known as Residual
connections (Vaswani, 2017, p.2).

In this dissertation the focus is on Variational MLPs and Transformers provide an
interesting investigation of replacing the Feed-Forward layer with a Variational MLP.
For simplicity, I will consider a simple sentiment binary classifier based on one Encoder
block. Hence, the classifier will contain a Multi-Head attention component and a Feed
Forward component. The Feed Forward component is a two-layered MLP. Replacing the

two-layered MLP with variational layers will be the focus of experiments in section 4.
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3 Methodology and Design

The aim of this chapter is to explain how several algorithms discussed in Graves(2011),
Molchanov et al.(2017) and Kingma et al. (2015) will be practically implemented in the
VariationalMLP. jl module. A user guide for installing and using VariationalMLP. j1
is provided in Appendix A.2. The algorithms will be discussed as standalone implemen-
tations and as part of Transformer Encoder Block. In addition, I will discuss how to

quantify sparsity and prune weights.

3.1 Algorithms

The general logic for the forward pass with VI is given in Algorithm 1. Different methods
can be implemented by using a different sampling trick (Step 3), and a different form for
the KL divergence (step 7).

Algorithm 1: Forward Pass : Bayesian MLP
Input: z, labels y, model

Output: Variational Energy
; /* Initialization */
1 Initialize parameters: p, o2, b, f

; /* Weight sampling */
2 Sample noise: € ~ N (0, I);
3 Calculate weights W (e, p, 0?) ;
4 Apply linear operation and activate: § = f(Wz + b);

; /* Variational Energy */
5 Compute prediction loss per batch: ﬁLN(W, D) = MSE(7,y) or CE(9,y) ;
6 Scale up to training data size : %LN(W, D) ;
7 Compute total KL divergence: KL = 37, i KLjj ;
8 Return variational loss(epoch): F = &L (w, D) + X - KL/N;

9 return F ;

The above implementation uses the Flux package in Julia. The type of initialization
can be chosen by the users. I use a struct to define the parameters of each layer, but

each layer is a custom abstract type defined as follows:
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abstract type AbstractVariationallayer end

The AbstractVariationalLayer serves as a parent type for all variational layers.
Each layer is made callable via the @functor macro from Flux. This ensures automatic
handling of parameters for optimization.

In Step 8, the KL divergence is scaled relative to the training dataset size. This is
necessary because, especially for large datasets, an unscaled KL term can dominate the
loss function. When this happens, the model can prematurely collapse its weights to
random values, preventing meaningful learning.

In Step 5, the loss functions logitcrossentropy and mse are imported from Flux.
By default, these compute the mean loss per batch, which accounts for the ﬁ factor in
front of the loss function. The A term introduced in Step 8 functions as an annealing
parameter, as it controls the gradual incorporation of the KL divergence during training.
When A = 0, the variational energy reduces to the standard loss function, making the
optimization equivalent to the Frequentist case. However, even in this scenario, fresh
noise € is sampled in each forward pass (as per Step 2), so the training still retains a
Bayesian character.

Algorithm 1 is can be adapted for each type of variationa layer : molchanov, graves or
kingma. This is because these methods only differ in their weights sampling step and the
form of their KL divergence. In the next section, I will show how steps 3 and 8 translate

to mathematical equations.

3.1.1 Variational Dense
Eq. (1) of Graves(2011, p.2) introduces the network loss:

LN(w,D)=—Inp(D|w)=— > Inp(y|x,w) (3.1)

x,y€D

Graves(2011) defines in Eq. (3) (Graves, 2011, p.2), a form of variational free energy
that combines the expectation loss with the KL divergence:
F = KL(g(w|B)|lp(wla)) + (L™ (W, D)) wrq(wis) (3:2)

This is equivalent to Eq.(2.23). For a a complete proof from first principles, please see
Appendix A.1. An interesting case, treated by Graves(2011, pp. 3-4), assumes that the
approximate distribution is a diagonal Gaussian, which means that 3 = {u, 02} (Graves,

2011, p.3). The expectation of the loss can be approximated by Monte Carlo sampling :

S
(LN (W, D)) weg(w|g) & ; ; LY (w,D) (3.3)
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Eq. (3.3) above is also in Graves(2011, p.4) — Equation (9). Comparing (3.3) with
(2.29), it is clear that this is the Monte Carlo point-mass function for identically dis-
tributed samples — the i.i.d assumption holds. Hence, the samples are drawn indepen-
dently from the approximate distribution ¢, for example a Gaussian, and the error loss
LV is effectively averaged. It also can be shown — please see Appendix A.1 for the full
proof — that this result is differentiable, which means that gradients are easy to com-
pute. If the prior is also Gaussian, then o = {y, 0} calculating the KL divergence term
is straightforward — equation (13) of Graves(2011, p.4) — and the full proof is given in
Appendix A:

KLlawl)lwia)) = 3o - - 11— %+ L0 (3.0

Notice that in Eq. (3.4) p,0? are the mean and variance of the prior, and these
parameters are fixed and assumed a priori, reflecting the belief in the weights, as explained
in section 2. However, u;, o; are the parameters of the approximate distribution ¢, which
in fixed form is a Gaussian, and these are learnable. Indeed, by learning y;, o;, one learns
the approximate posterior, which is the goal of Bayesian learning. Combining Eq. (3.3)
and (3.4) yield the final form of the variational energy:

13y Yoo 1 g ()’

Eq. (3.5) is valid when both prior and posterior are Gaussian — Graves(2011) calls
this approach "adaptive weight noise". Equation (18) from Graves(2011, p.5) introduces a
practical consideration: the KL divergence term, which Graves(2011) identifies with the
compression loss, is scaled based on number of batches. This ensures the KL divergence
matches the loss which is already averaged per batch. Recalling the fixed-form variational
inference treatment in Section 2, sampling from an unknown Gaussian such as ¢ is difficult.

Hence, the reparameterisation trick described in Eq. (2.26) can be adapted as follows:

w = p; + o€ (3.6)
Clearly, sampling means just two steps:
 Sample some noise from a known Gaussian: € ~ N (0, 1)

o Then update the weights based on the current mean and variance of the Gaussian

wm = ,uij + O'ijE

The Julia implementation of the algorithm follows directly from Eq (3.5) and Eq
(3.6). In Step 3 of Algorithm 1 the weights are sampled according to Eq. (3.6), and the

variational energy is a direct implementation of Eq. (3.5).
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Adaptation of Algorithm 1 (Dense)

Modified Step 2 (Weight Sampling):

Sample weights using reparameterization:
W = pu+exp (0.5 : log02> e, e~N(0,1)

Modified Step 7 (KL divergence):
Calculate the KL divergence as per Eq (3.4) :

o 1 oZ i — 1)
K Lgraves = Zlnf — 5(1 A +M)
ij

Tij o2 o2

The algorithm uses In o2 for stability. Also, In 0 ensures this is not a constrained op-
timization problem, as the logarithm of a strictly positive quantity can be either positive
or negative. For this implementation, the user can choose the parameters of the prior

1,0 to reflect assumptions about the weights.

3.1.2 Variational Dropout

Variational Dropout is a particular case of Variational Inference where the dropout rate is
considered a variational parameter. My implementation of variational dropout is largely
based on the work of Molchanov et al. (2017), with some additions from Graves (2011)
and Kingma et al. (2015).

The well-known result of VI, that the optimal value of the variational parameters ¢
can be found by maximization of the lower bound is reproduced by Molchanov et al.(2017)
in their equations (1) and (2). The expected log-likelihood Lp(¢) is regularized by the KL
divergence, and together they give the lower bound (¢). The ELBO formulation found
in (1) and (2) of Molchanov et al.(2017) is equivalent with Eq. (2.20) — Appendix A.1
shows the full treatment for VI. Computing the variational lower bound is intractable,
hence Molchanov et al.(2017) use the SGVB estimator from Kingma et al. (2015) to
arrive at equations (3) - (5). The reparameterization trick to represent the ‘parametric
noise‘ g4(w) can be viewed as a deterministic differentiable function f of non-parametric
noise (Molchanov et al., 2017) w = f(¢, ¢), where € is a random noise variable € ~ p(e).
In the following, I will introduce two ways to sample the weights, found in Molchanov et
al.(2017) and Kingma et al.(2015).

The specific trick introduced by Molchanov et al. (2017) to reduce the variance of
the dropout parameter « considers a new independent variable o;;. As per Eq. (11) of

Molchanov et al.(2017), o is defined as :
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or; = oyl (3.7)

tj

This simple reparameterisation leads to the following update rule, which is additive,

since now the noise term is added to the mean.

wij = Qij + O-ijeij (38)

In contrast, the noise can be multiplied to the mean, which leads to the multiplicative

reparameterisation trick as per equation (7) in Molchanov et al.(2017)

Wi; = eijfij (3-9)

The noise can be re-written in term of «, the dropout rate. This means that dropout

is actually injecting noise into the networks layers.

Kingma et al.(2015) and Molchanov et al.(2017) use different approximations of the
KL divergence, which means the final form of the variational free energy will be different
for the two methods. Variational dropout uses (W0, «) explicitly as an approximate
distribution for a model with a special prior on the weights. According to Kingma et al
(2015), 6 captures the mean of this Gaussian, and « is a multiplicative noise term. If the
multiplicative term « enters the noise term, this becomes the dropout posterior. During
dropout training, ¢ is adapted to maximize the expected log-likelihood Eg, (w)[Lp(6)]. But
for this to be consistent with optimizing Lp(6), the prior on the weights must be chosen
to be improper log-scale uniform (Molchanov et al., 2017), which leads to a very specific
approximation of the KL divergence found in equation (14) of Molchanov et al.(2017).
The problem remains the practical implementation of the variational free energy, as this
should be able to address both regression and classification. With this in mind, T will

focus on interpreting Eq. (2) from Molchanov et al. (2017), in a more practical way:

Lp(0) =Y Ey.(w) [log p(yn | n, W)]

n=1
Recalling that in Graves(2011), the loss of the network is the negative log probability
of the data given the weights:

LY (w,D) Z log p(im | T, [(Pr€m)) (3.11)

This means the SGVB estimator, given by Molchanov et al (2017) in their Eq. (4),

can be written as a function of the loss:
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L3VB(¢) ~ —]]\\;LN(W,D) (3.12)

Molchanov et al.(2017) use the ELBO maximization ,which is equivalent to minimizing
the variational free energy. The variational energy is simply the negative of the ELBO,

so I simply change the sign of the ELBO to obtain the variational energy:

F(¢) = —Lp(9) + Dxr(ge(W) [| p(w)) (3.13)

Replacing the Lp term with the SGVB estimator yields: behcbenchamrking

N
F(g) = MLNWV, D) + Dxwr(ge(w) || p(w)) (3.14)
K Linoichanos = Y, —k10 (ks + ksa;) +0.5In(1 + a;;') + Ky (3.15)

]

The values of the constants ki, ko, k3 are reported in Molchanov et al (2017). For
the multiplicative reparameterization trick proposed by Kingma et al.(2015), the KL
divergence will be approximated by the respective term, with the values of the constants
reported in the paper (Kingma et al, 2015, p.6), :

K Lkingma = Z —0.5log(avj) — cra; — czafj N (3.16)

ij
ij

For additive reparameterisation, the exact steps for the forward pass are:

Adaptation of Algorithm 1 (Additive Reparameterisation)

Modified Step 2 (Weight Sampling):

Sample weights using reparameterization in (2.39) and (2.40):
W = p+exp (0.5 : log02> e, e~N(0,1)

Modified Step 7 (KL divergence):
Calculate the KL divergence as per Eq (3.15) :

KLMolchanov = Z _klo-(kQ + k3aij) + 05111(1 + ai_jl) + kl

]

The implementation of the Kingma et al.(2015) method, uses the reparameterization
in Eq. (3.10) and the KL divergence is given by Eq. (3.16). Ina is used to avoid solving

a constrained optimization problem.
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Adaptation of Algorithm 1 (Multiplicative Reparameterisation)

Modified Step 2 (Weight Sampling):

Sample weights using reparameterization in (2.37):

W =+ py/exp (Ina)e, e~ N(0,1)

Modified Step 7 (KL divergence):
Calculate the KL divergence as per Eq (3.16) :

_ 2 3
K Lkingma = Z —0.5log(cvij) — craij — can; — caaiy;

]

In sum, the practical implementation of Molchanov’s algorithm will be minimizing
the variational inference, while using the dropout rates «;; to sample the weights. This
is how dropout is actually learned, and it becomes clear that Variational Dropout is
simply Variational Inference with the introduction of the variational parameter o;; via
the sampling trick. The method proposed by Molchanov et al. (2017) for training BNNs
with Variational Dropout Layers is claimed to be suitable for large values of the variational
dropout parameters a — this seems to be their initial motivation as Kingma et al.(2015)
consider the case of @« < 1 . Clearly, large o value imply large sparsity. There are a

couple of unverified claims made by Molchanov et al. (2017):

« First, Molchanov et al. (2017) claim that training networks from random initializa-
tion causes many weights to get pruned away early, a common problem for Bayesian
Neural Networks. This result can be easily replicated using the approach outlined
by Molchanov et al. (2017). However, Molchanov et al. (2017) claim, without
showing concretely how, that the problem of weights being pruned away due to
random initialization can be resolved by either starting from a pre-trained network,
or by using a "warm-up" strategy that gradually introduces the KL divergence term.

I believe that different pre-training strategies deserve an investigation.

 Second, Molchanov et al. (2017) do not extend their method to regression, which

is an interesting problem.
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3.2 Transformer Classifier

In this section, I will discuss the model architecture that I will use for sentiment clas-
sification, which incorporates a Transformer Encoder block consisting of a Multi-head
attention layer and a FNN. My aim is to incorporate the previously discussed variational
layers for MLPs within a Transformer Encoder block. Hence, rather than developing a
fully-Variational Transformer, I aim to investigate the advantages of replacing the FFN
inside the Encoder with variational MLPs

I will use an architecture that is publicly available on Github [32] (Sinai, 2022).
Diagram 3.1 highlights how the Transformer block is incorporated in the binary classifier
model. In the subsequent experiments, only the FNN within the Transformer will be
changed, the rest of the model remaining exactly as depicted. Figure 3.2 clarifies the
structure of the Transformer Block (highlighted in blue in Figure 3.1). Hence, Figure 3.1
presents the classifier architecture, that contains the Transformer block and Figure 3.2
presents the Transformer block in details. Both of these architectures are adapted from
a Transformer-based classifier published online(Sinai, 2022). These figures are presented
on the next page.

The forward pass of this Transformer block is presented in Algorithm 2, which is
on the page following the diagrams. The KL divergence is calculated only for the two
variational dropout layers, and added to the scaled batch loss to obtain the variational

free energy.
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Algorithm 2: Forward Pass : Transformer Encoder Block with Bayesian MLP

Layers

Input: Input features x, labels y, model parameters
Output: Variational Free Energy F
/* Initialization */
1 Initialize parameters with Glorot: 8,logo? = —10, b =0 ;
2 Set activation function f = ReLU ;
/* Forward Pass */
3 Run Multi-Head Attention (MHA): A <— MHA(x) ;
4 ..
5 Bayesian Feed-Forward Layer 1:
6 Sample noise: €; ~ N (0,1) ;
7 Compute weights: W, =0, + €107 ;
8 Compute activations: h; = f(W1A + by) ;
9 Bayesian Feed-Forward Layer 2:
10 Sample noise: € ~ N (0,1) ;
11 Compute weights: Wy = 05 + €305 ;
12 Final prediction: y = f(Ws3h; + bg) ;
13 ..
/* Variational Objective */
14 Compute batch loss: LY (w, D) = CE(y,y) ;
15 Scale to full dataset: & LN(w, D) ;
16 Compute total KL divergence: KL = 7)., > ; KL(0;5, 045) ;
17 Compute variational free energy: F = &£V (w, D) + X - KL/N ;

18 return F
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3.3 Sparsity Calculation and Pruning

In both Graves(2011) and Molchanov et al. (2017), sparsity is quantified based on learned
parameters, which provides an informed approach to pruning weights. In this section, I
will briefly discuss how sparsity will be calculated and used to prune models.

Pruning is the process of removing weights —efectively setting them at 0 — and it can
lead to reduced complexity and improved generalization (Graves, 2011, p.5). Pruning
can be done in a principled way, according to learned parameters, or in a random way,
where a certain percentage of weights is simply set to 0. Bayesian training provides a
clear advantage in selecting heuristics for a principled approach to pruning.

A pruning heuristic for Graves (2011) involves removing weights which have a suffi-
ciently high probability density under probability density q. For a diagonal Gaussian,
the pruning heuristic can be defined as removing all weights for which the probability at

0 exceeds some threshold, as per Eq. (19) from (Graves, 2011, p.5) :

Hi
g;

<A (3.17)

This pruning heuristic works for a diagonal Gaussian posterior, which is the case
of my implementation of Variational Dense layers. Graves(2011) provides the following
threshold:

Athresh = 0.83 (3.18)

If the ratio between the mean and variance of a particular weight is below this thresh-
old, the weight can be pruned(set to 0). This follows directly from the logic outline by
Graves(2011), according to which, at threshold 0, no weights are pruned (all weights
above are accepted), so pruning means setting to zero all weights for which ratio of mean
and variance is under the threshold set in Eq. (3.18).

The logic for pruning weights is made much simpler, and perhaps more intuitive in
Molchanov et al. (2017) : if the corresponding dropout rate is high enough, the weight
can be set to zero. Since dropout can be interpreted as the probability of a neuron being
shut, a high value of dropout will practically translate to the weight always being shut.
The specific threshold for Molchanov et al. (2017) is the following :

In Qthresh — 3.0 (319)

Such a high dropout rate, which also fits the scenario of Molchanov et al.(2017), would
correspond to a binary dropout rate p = 0.95, which means weights for which « is above
the threshold can be safely pruned. To better understand how sparsity is practically

calculated, consider the case of implementing Variational Dropout for a random MLP
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layer in a given architecture, as per the figure below.

IR
L

Figure 3.3: An example set of means v and log-variances In o2 learnt for an MLP layer with
4 input neurons and 5 output neurons. The In o mask is calculated and then transformed
into a binary mask. Sparsity is percentage of entries over the threshold (marked red)

The two matrices depicted above allow for effectively calculating the dropout rates,

from Eq. (3.7). Applying the logarithm yields:

Q5 = In 0'1-2]- —2In Hij (320)

Once the values of a;; are computed, a binary mask is constructed: entries where
a;; exceeds the threshold are marked as 1 (red), indicating high uncertainty and low
importance. The remaining entries are marked as 0 (green), which means the weights are
retained. Pruning is applying the mask: weights at red positions are explicitly removed by
setting the corresponding mean to zero, 6;; = 0, and the log-variance to a large negative
value, logo?; = —10', while the green positions are left alone. It is easy to see how the

sampled weights are effectively pruned:

Wi; = 91-]- + exXp In 026 (321)

For 0;; = 0 and exp —10"* =0 :
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Figure 3.4: The red positions (where Ina is above the threshold) are identified and used
to prune (set to 0) specific means v

3.4 Model Constructor

VariationalMLP. jl provides a model constructor that allows the user to flexibly build
Bayesian multilayer perceptrons (MLPs) by selecting one of three previously discussed
variational inference algorithm —Molchanov et al. (2017), Kingma et al. (2015), or
Graves(2011). The initialization strategy — custom or random — and the exact architec-
ture of the network can also be specified. Two functions handle the construction of the
MLP and determine which variational approach to use at each layer.: make model and
make_layer.

This module is compatible with Flux thanks to the explicit declaration of trainable
parameters and the use of Flux’s @functor macro, which allows automatic differentiation
to identify and track layer parameters, namely means, variances and biases.

To train the model, the user defines a variational energy function (Algorithm 1), which
includes a negative log-likelihood (e.g. cross-entropy or MSE) via the KL divergence
term. The KL divergence is weighted by an annealing schedule. The variational energy
is passed to Flux.withgradient as the loss function would be in a typical Frequentist
scenario. Flux.withgradient calculated and updates gradients for mean, variance, and
bias via Adam (Algorithm 2). Thus, the training loop implements gradient descent over
the variational objective, and the full model remains fully differentiable and trainable in
Flux.

Throughout training, the total variational energy per epoch is recorded, and layer-
wise sparsity is calculated based on thresholds defined in the previous sections, as in the

algorithm below.
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Algorithm 3: Training Loop for Bayesian MLP
Input: model, data_loader, N, epochs, Az, pretrain__epochs, task__type,n, enable__warmup

Output: F, S, trained model

/* Initialization */

)

Initialize model via make model ;

=

Initialize optimizer and loop parameters ;

N

Create empty logs: F < [,], S+ [,] ;

w

4 Define annealing schedule: A\ = f(epoch) ;

/* Training over batches */

)

(<))

for each epoch do

6 Set KL scale A according to schedule ;

7 | for each batch (x,y) in data_loader do

8 Compute energy loss Fiaicn Using energy_loss ;
9 Compute gradients with Flux.withgradient ;
10 Update model parameters 6 = (u,log o2, b) ;

11 end

12 ;

13 Record total energy loss Fipoch ;

14 Compute sparsities Sepocn for each layer ;
15 end
16 ;

/* Logging and return */

)

17 Append Fipoen and Sepoch to logs return F, S, trained model

3.5 Benchmarking

In this section, I present the benchmarking procedure for all three types of layers, and
provide a comparison in terms of performance. The custom variational layers will be
compared to the highly optimized Dense layer in Flux. I will use the publicly available
BenchmarkTools [10] (JuliaCl, 2025), a Julia package that can be installed directly into
the virtual environment using Pkg. As per docs, the package has the macro @benchmark
which can be used to obtain summary statistics over many repetitions, and @btime, which

measures time. The following will be benchmarked:

o Time and memory for each layer to process an input of synthetic data - the perfor-

mance for one layer applied to one input.

e Time and memory to run one epoch and return the variational energy.
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For the following, the weights are applied to transform 300 input neurons into 100
output neurons, and the relu activation is used. The table below presents the time and
memory estimates, as well as the number of allocations for all layers when @benchmark

is applied for 10000 samples with one evaluation per sample.

Table 3.1: Benchmarking Forward Pass for Different Layer Types (Input: 300x32)

Layer Type Median Time (us) Memory (KiB) Allocations
Dense (Flux) 37.791 25.16 6
Variational Dropout (Molchanov) 313.292 259.81 12
Variational Dense (Graves) 322.667 259.81 12
Variational Dropout (Kingma) 364.375 259.81 12

All customs layers perform significantly worse than the highly optimized Dense layer
from Flux. Molchanov et al. (2017) and Graves (2011) perform the same, since the
forward pass is identical for them. Kingma et al.(2015) performs the worst. Overall, the
custom variational layers take about 10 times as long, and occupy 10 times as much mem-
ory compared to the Dense layer. For a more detailed overview of time, it is interesting

to compare the Molchanov et al. (2017) approach to the Dense layers.
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(a) Dense(Flux) (b) Bayesian

Figure 3.5: Execution times for simple foward pass for (a) Dense and (b) Variational
Dropout with Molchanov et al. (2017) method.

Both histograms reveal right-skewed distributions, which seem to indicate that exe-
cution times tend to be rather predictable. In scenario (a), for a Flux Dense layer, it is
clear that expected execution times are more deterministic than for (b).

It is interesting to benchmark a model for one training epoch. I will use a model with
two hidden layers, such that the connecting matrices have the forms (300, 100), (100,
10), for a classification task (10 classes) run on some dummy data fed to a data_loader
object. The Dense model is made via Chain, with two Dense layers, and the variational

models are built via the make model constructor.
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Layer Type Median Time (ms) Median GC (%) Memory (MiB) Allocs

Dense 1.417 0.00% 2.64 1584
Molchanov 24.614 10.13% 62.67 19838
Graves 16.183 9.51Y% 46.16 19508
Kingma 20.519 9.05% 47 .25 19168

Table 3.2: Benchmarking forward pass for Dense and Variational layers. All values are
for one training epoch, consisting of 10 batches of randomly generated synthethic data.

Based on the results above, it seems the Molchanov et al.(2017) method is the most
expensive. Comparing to Graves(2011), since their forward pass is identical, the im-
plementation of the KL divergence is likely very expensive. In sum, the methods in
VariationalMLP. jl are naively implemented and expensive from a computational point
of view, but they follow closely the mathematics ensuring interpretability.

I also tested several optimizers from Julia: Adam, RMSProp, Descent (SGD) and
AdaGrad. All these were tested for one training epoch, for median time, estimated
memory, number of allocation, and median Garbage Collection (GC) usage. I chose a

fixed learning rate of 0.01 for the subsequent tests.

Table 3.3: Benchmark results of optimizers with fixed learning rate for Molchanov et
al(2017)

optimizer time(ms) Memory(bytes) Allocations GC(median time)

DataType Float64 Int64 Int64 Float64
Adam 22.2943 63220720 19083 0.0
RMSProp 21.1658 62974320 19223 0.0
Descent 19.5266 62700464 18751 0.0
AdaGrad 21.0122 62953968 18767 0.0

Table 3.4: Benchmark results of optimizers with fixed learning rate for Graves(2011)

optimizer time(ms) Memory(bytes) Allocations GC(median time)

DataType Float64 Int64 Int64 Float64
Adam 15.6079 45918800 18593 0.0
RMSProp 14.2171 45672400 18733 0.0
Descent 14.5077 45398544 18261 0.0
AdaGrad 14.25 45652048 18277 0.0
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Table 3.5: Benchmark results of optimizers with fixed learning rate for Kingma(2015)

optimizer time(ms) Memory(bytes) Allocations GC(median time)

DataType Float64 Int64 Int64 Float64
Adam 22.2943 63220720 19083 0.0
RMSProp 21.1658 62974320 19223 0.0
Descent 19.5266 62700464 18751 0.0
AdaGrad 21.0122 62953968 18767 0.0

In all the scenarios presented above, Descent and AdaGrad prove to be superior
optimizers to Adam, which is used in Molchanov et al.(2017). Despite this, in the following

experiments I will use Adam, to ensure a consistent comparison with the research papers.
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4 Experimental Results

This chapter contains the experimental results and their analysis. Section 4.1 introduces
the datasets used for the subsequent experiments, and explains any pre-processing steps.
Section 4.2 presents the first experiment: comparing training strategies for the LeNet-
300-100 architecture. For each case, the experiments compare two scenarios. In the first
scenario, the network is pre-trained in a purely Frequentist approach until full conver-
gence, and then further trained in the Bayesian approach until the variational energy
converges. In the second scenario, pre-training is done by simply cutting off the KL di-
vergence term for a number of "warm-up" epochs, followed by an "annealing" phase where
the KL divergence is gradualy introduced. Section 4.3 compares a simple custom MLP
with one hidden layer on a regression signal(Blundell et al., 2015), to explore advantages
of variational layers when data is scarce. Section 4.4 investigates how variational dropout

layers perform when incorporated into a transformer architecture.

4.1 Datasets

In this section, I will introduce three types of datasets : (i) for classification, (ii) for
regression and (iii) for sentiment analysis. All datasets considered here are independent
and identically distributed (i.i.d) (Bishop, 2006, p.26). This is an essential aspect for
evaluating the subsequent BNNs, because the models assume that (i) each feature can
be drawn independently from the same distribution and (ii) there is no particular feature

that dominates all the others.

4.1.1 Pre-processing

The following datasets have all been slightly pre-processed before learning. For MNIST
and Fashion MNIST, 28 by 28 images are flattened to 784 features, where each feature rep-
resents a pixel value. The responses are also one-hot-encoded. All data was pre-processed
using a dataloader in Julia, allowing batching. The batch size is a hyperparameter that

can be changed, but it is not the focus of the following experiments.
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4.1.2 Classification

Two Moons

The "Two Moons" Dataset is a simple toy dataset with only two features. The figure
below presents 1000 samples of moon data where 50 are reserved for training and the

remaining 950 for testing.

Two Moons Dataset

. I
a @ Training data
1.0 F © Training data
O Test data
O Test data
05 Fae
~
* of
0.0 - =8
=05 +

Figure 4.1: Two moons dataset

The dataset was retrieved directly from Julia MJLBase module, using the make_moons
function. As seen, the data are very clean and i.i.d. — there are no outliers, the classes
are perfectly balanced and easily separable, which means the decision boundary is easy

to learn. The batchsize is set a 1 due to the small size of the training data.

MNIST

The MNIST dataset is a collection of handwritten digits (LeCun et al., 2010), which
consists of 70000 images of 28 by 28 pixels : 60000 instances for training and 10000 for
testing. There are 10 classes, one for every digit from 0 to 9. In Figure 4.2 below, an
example of few digits, randomly sampled from the training data, and their corresponding
labels is shown. The dataset is very clean, with no class-imbalance. For the subsequent

experiments the batchsize is 256.

Label: 5 Label: 2 Label: 6 Label: 8 Label: 4

10 10 10 10
09 . 09 09 09 09
08 08 08 08 'y 08
07 07 07 07 07
06 ! 06 06 06 06
05 05 05 05 05
04 J 04 04 04 ; 04
03 03 - 03 03 03
02 02 02 02 02
01 01 01 01 01
0 0 0 0 0

Figure 4.2: Five digits from MNIST and their corresponding labels
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FashionMNIST

The Fashion MNIST dataset is remarkably similar to MNIST: it consists of 28 by 28
grayscale images of 70,000 fashion products from 10 categories, with 7,000 images per
category(Xiao et al., 2017). Hence, the classes are perfectly balanced and the dataset
strongly mathces the i.i.d assumption. Due to it’s similarity to MNIST, I applied the

exact same pre-processing steps as for MNIST.

Label: 9 10 Label: 4 10 Label: 0 10 Label: 1 10 Label: 2

Figure 4.3: Five articles from Fashion MNIST and their corresponding labels

As seen above, the fashion articles have the same labels 0 : 9. This is because each
label encodes the name of an article — a requirement as all algorithms must process

numeric data.

4.1.3 Regression

I use the following regression curve, inspired by (Blundel et al., 2015) :

y(z) =2+ 0.3sin (27 (x +€)) + 0.3sin (4n(x +€)) + € (4.1)

This is a univariate signal, with just one feature X, and a response y. I generated
500 samples based on Eq.(4.1). € ~ N(0,0.02) is some small random noise. As seen in
the figure below, the size of the training set is only 40 samples, such that training data
is lacking for entire regions of the signal. This makes it an interesting problem to study,
specifically to better understand how Bayesian methods deal with learning from small

data and how they deal with sparse training data.
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Regression Curve
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Figure 4.4: Sinusoidal regression signal. The training data is severely limited to only 40
samples.

4.1.4 NLP

The IMDB Review Dataset (Maas et al., 2011), comprising 50000 film reviews is equally
split into two perfectly balanced classes based on sentiment : positive and negative.
Hence, 25000 of reviews are positive and 25000 reviews are negative. 50000 is abundant

data, so I will also sample smaller datasets of sizes 5000 and 1000 for the transformer

experiment.
ise for this film. From start to..." positive
rinks prune juice that she thinks is..." negative
1 western Africa, married life at the..." positive
1 extra and was on location as..." negative
aw the trailer for this film, 1..." negative

Figure 4.5: Truncated reviews and sentiment for 5 random data of the IMDB Review
Dataset.

The number of words per review tends to vary. The median number of words per
review is 165, and the mean 220. However, the distribution of reviews based on number

of words is right-skewed, as shown below.
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Figure 4.6: Distribution of word count per review.

Figure 4.6 shows the distribution of review lengths based on word count. The sharp
peak around 120 words indicates this is the most common length for a review. When
choosing the maximum sequence length for sentiment analysis, there is a trade-off: all
sequences are padded to this maximum length, so a longer maximum increases computa-
tional cost, while a shorter length risks truncating important sentiment-bearing words.

Practical pre-processing steps for this dataset include: (i) removing special characters,
(ii) selecting a vocabulary based on word frequency, and (iii) filtering words using a regular
expression. After simplification into word vectors, a tokenizer is used to assign indices to

words, with unknown or out-of-vocabulary words assigned the first available index.

4.2 'Training strategies

4.2.1 Experimental Design

This section presents an experiment comparing two training scenarios for variational
inference, both using KL divergence annealing as proposed by Sgnderby et al. (2016).
All experiments are conducted using the LeNet-300-100 architecture.

In the first scenario, which I call "Frequentist pre-training", the network is fully trained
in the Frequentist approach until full convergence. This means the negative log-likelihood
is minimized to near zero, effectively training the model using standard deterministic
optimization. The weights from pre-training are used to initialize the mean and variance
of a Gaussian : the mean is initialized with the pre-trained weights, the variance with 0.
Then, Bayesian annealing begins : the KL divergence is linearly increased by the number
of training epochs. For a current epoch C and a total number of training epochs T', the

KL divergence at epoch C' :
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KL(C) = g ¢ K Loy (4.2)

The optimization objective during Bayesian pre-training consists of minimizing a
scaled negative log-likelihood, while applying the reparameterization trick — meaning
noise is injected into the weights during training. As before, pre-training is followed by
an "annealing phase", where the KL divergence is gradually introduced. Table 4.1 aims

to summarize the difference between the two pre-training scenarios.

Objective function Parameter

Frequentist ﬁLN (w,D) W
Bayesian 1LY (w, D) W =p+oe

Table 4.1: Optimization objective and learned paramters under each pre-training regime.

The linear introduction of the KL divergence during the annealing phase is done to
avoid dominating the negative log-likelihood too early.

For each case, I investigate the sparsity of the trained model — calculated based on
the previously reported parameters — to understand if it is useful. To determine if the
induced sparsity is useful, during inference, I make a comparison between the following

strategies:

e No pruning : Using the model as-is, without setting any weights to zero.

o Principled pruning: Setting weights to 0 based on thresholds A or In . This means

weights automatically pruned based on the sparsity percentage for each layer.

o Random pruning: To match the sparsity level, a comparable number of weights is

pruned at random

These strategies allow testing whether the learned sparsity is meaningful (principled),
or whether it could be matched by random chance (random pruning). For all three
approaches, the final network samples weights from Gaussian distribution with learned
parameters, so this allows for deriving epistemic uncertainties not only for predictions,

but also for accuracies, as follows:

o Step 1: Average T' drawn samples (predictions) from the learned Gaussian. Each
individual prediction is different due to the probabilistic nature of the model. Hence,
taking the mean of these predictions will result in mean prediction representing the
expected values of the model and a standard deviation representing the confidence

in each of the predictions.
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e Step 2 : Compute the accuracy of the model, against the test set, for different num-
bers of drawn samples T. To calculate an epistemic uncertainty in the accuracies
themselves, for each T, the procedure can be repeated n times. Hence the mean

accuracy and the standard deviation can be calculated.

The purpose of this experiment is to elucidate the first two research questions. Given
the significant theoretical background I discussed in Chapter 2, the aims can be made

less general:

e To understand which method of VI produces useful sparsity in MLPs.

o To investigate if using either of the two pre-training strategies, Frequentist vs

Bayesian, is equivalent to good initialization.

In the next two subsections, I will perform experiments for Variational Dense layers

with a fixed Gaussian prior and for the two Variational Dropout implementations.

4.2.2 Frequentist Pre-training

The results presented below can serve as a useful comparison to the potential drop in

accuracy when further tuning is performed in the Bayesian paradigm.

Dataset Epochs Learning Rate Accuracy (%)
MNIST 100 0.001 99.97
Fashion MNIST 100 0.001 93.19
Two Moons 50 0.001 100

Table 4.2: Training results of LeNet-300-100 in the Frequentist paradigm.

The pre-training is done until the cross-entropy loss function has converged. Com-
bining this Frequentist pre-training with Bayesian annealing will be done by converting
the learned weights to mean and variance that serve as initialization parameters for the

a Gaussian such that :

o The mean parameters are initialized with the weights from Frequentist pre-training
and the standard deviation parameters are initialized with 0, which ensures that

the initial weights are simply the pre-trained weights.

o The bias for the forward bias is initialized with the bias from Frequentist pre-

training.

In the next section I will present a comparison of the two types of pre-training for

Variational Dense layers.
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4.2.3 Variational Dense Layers

Variational Energy Layer Sparsities Variational Energy Layer Sparsities
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(a) Frequentist (b) Bayesian

Figure 4.7: Comparison between (a) Frequentist and (b) Bayesian pre-training of LeNet-
300-100 with fully Variational Dense layers implemented with Graves’s approach. Train-
ing on the MNIST dataset.

Figure 4.7 shows a simple comparison between the two scenarios for Variational Dense
Layers on MNIST. For scenario (a) in Fig. 4.7, the network was pre-trained in the
Frequentist approach for 100 epochs. As shown, sparsity decreases monotonically across
all layers during the annealing phase.

In this context, sparsity per layer refers specifically to the sparsity of the weight matrix
connecting adjacent layers — that is, the proportion of weights set to zero between layers,
as discussed in section 3. For example, in the LeNet-300-100 architecture, sparsity in the
first layer corresponds to the (784, 300) weight matrix between the input and first hidden
layer. This distinction is important, as sparsity is not measured in the layer outputs or
activations, but in the parameter space of the model.

Scenario (b) involves Bayesian training from the start, but with the KL divergence
term disabled during the initial 100 epochs (warm-up phase), and then gradually intro-
duced during the annealing phase. Here, the output layer becomes less sparse over time,
while the hidden layers become increasingly sparse.

Despite the different optimization paths, both scenarios converge to similar final spar-
sity levels across layers. This suggests that both training strategies are capable of inducing

similar sparse structures in the model.
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Figure 4.8: Mean test error for (a) Frequentist and (b) Bayesian pre-training of LeNet-
300-100 with fully Variational Dense layers implemented with Graves’s approach. For

each number of samples, the test error of the final trained model is repeated 10 times.
The error bars represent the standard deviations in each test error.

Figure 4.8 presents the mean test error (averaged over 10 runs) as a function of
the number of Monte Carlo (MC) samples, T. Across all values of T, the Frequentist
pre-training strategy consistently results in lower test errors compared to Bayesian pre-
training. In particular, at 7" = 200, the Bayesian pre-training scenario exhibits slightly
lower standard deviation in test error (higher confidence), even if its mean error remains
higher.

In terms of efficiency, Frequentist pre-training offers a clear advantage: as shown in
the benchmarking results from Section 3, Variational Dense layers are approximately 10
times slower to train than standard layers. By pre-training the model in the Frequentist
regime and only introducing variational inference during annealing, optimization becomes
significantly faster, while maintaining performance. Overall, this makes Frequentist pre-
training followed by KL annealing a superior strategy, since it achieves lower test errors

with reduced total training time.

54



Table 4.3: Pruning strategies and final accuracies for each dataset using Variational
Dense layers on training the LeNet-300-100. Each accuracy value is calculated per 200
MC samples.

Dataset Pre-training Sparsity Pruning Accuracy

Not Pruned 98.28%
Frequentist 83.9% - 82.62% - 40.0%  Principled  97.94%

Random 10.01%
MNIST

Not Pruned 97.71%
Bayesian 88.03% - 89.79% - 44.0% Principled  97.65%
Random 10.09%

Not Pruned 87.93%
Frequentist 85.14% - 86.34% - 47.8% Principled  84.83%

. Random 13.70%
Fashion MNIST

Not Pruned 87.34%
Bayesian 90.26% - 94.38% - 49.8% Principled  87.35%
Random 10.0%

Not Pruned 99.5%
Frequentist 13.5% - 37.84% - 6.0%  Principled  98.12%
Random 99.75%

Two Moons
Not Pruned 99.75%

Bayesian 14.5% - 33.68% - 4.0%  Principled  99.37%
Random 95.62%

For MNIST and Fashion MNIST, results seem to confirm that principled pruning
(based on sparsity thresholds like A or Ina) leads to insignificant accuracy loss, while
random pruning, at similar sparsity levels, significantly degrades performance. The final
classification accuracy is comparable across both pre-training strategies, suggesting that
useful sparsity can be induced with either approach, provided the KL divergence term is
annealed.

Interestingly, Frequentist pre-training tends to produce slightly lower sparsity overall,
yet this does not seem to yield a meaningful improvement in accuracy. Due to its signif-
icantly lower computational cost, it remains the preferred choice for training variational
dense networks.

For the Two Moons dataset, sparsity levels remain low, and pruning has negligible
effect on performance. This is likely because LeNet-300-100 is overparameterized for such
a simple task — pruning a small proportion of weights does not meaningfully reduce its

expressive capacity. Across all pruning methods, the accuracy remains high.
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4.2.4 Variational Dropout Layers
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Figure 4.9: Comparison of additive vs. multiplicative reparameterisation trick in Vari-
ational Dropout layers under both Frequentist and Bayesian pre-training regimes for
LeNet-300-100 on the MNIST dataset.

The results above compare two methods for training and evaluating the LeNet-300-100
architecture on the MNIST dataset, using different reparameterisation tricks. In scenarios
(c) and (d), a Frequentist pre-training phase was performed with a learning rate of 1073
for 100 epochs to ensure full convergence.

The results suggest that the additive reparameterisation performs better than the
multiplicative reparameterisation. A key issue with the multiplicative reparameterisation
is that the variational energy either fails to converge or does so much more slowly than
with the additive approach. As a result, the method proposed by Kingma et al. (2015)
proves impractical for MNIST and Fashion-MNIST tasks.

Below, I present the mean test error calculated over n = 10 runs for variational

dropout layers , where the number of samples T' is varied.

26



Mean Test Error per MC Samples - Frequentist Test error per MC samples - Bayesian Pretraining

2.550

,_.
2
¢}
i

2.525 |

@
=1
3

2.500

=
o
3
@

2.475
1750 |

Test Classification Error (%)
Test Classification Error (%)

1.725 2.450

50 100 150 200 50 100 150 200
Number of MC samples for averaging Number of MC samples for averaging
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Figure 4.10: Mean test error for (a) Frequentist and (b) Bayesian pre-training of LeNet-
300-100 with fully Variational Dropout layers implemented with Molchanov et al.(2017)
additive reparameterization trick. For each number of MC samples there are 10 repeti-

tions. The error bars represent the standard deviations in each test error across the 10
repetitions.

The uncertainty associated with each test error slightly decreases as the number of
Monte Carlo (MC) samples increases, while the mean test error also decrease. In other
words, with more samples, the model becomes both more accurate and more confident
in its predictions.

As in the previous case, Frequentist pre-training results in faster training and achieves
lower final test error. However, when comparing test errors at T = 200 the Bayesian
pre-training approach yields a slightly narrower uncertainty interval, suggesting a more
confident and potentially more robust estimate of the model’s performance.

Table 4.4 presents the results of using Variational Dropout on MNIST, Fashion MNIST

and Two Moons. Results are reported for 7" = 200 samples.
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Final accuracies for each dataset using the additive reparameterisation (Variational
Dropout) trick on training the LeNet-300-100. Each accuracy is calculated per 200 MC

samples.

Dataset Pre-training Sparsity Pruning Accuracy

Not Pruned 98.44%
Frequentist 57.36% - 53.96% - 23.9% Principled  98.44%

Random 25.73%
MNIST

Not Pruned 97.7%
Bayesian 65.56% - 72.42% - 12.0% Principled  97.69%
Random 9.98%

Not Pruned 87.82%
Frequentist 57.83% - 66.75% - 24.9% Principled ~ 87.81%

Random 25.91%
Fashion MNIST

Not Pruned 87.17%
Bayesian 48.03% - 82.89% - 15.1% Principled  87.3%
Random 13.7%

Not Pruned 94.87%
Frequentist 26.67% - 34.56% - 30.5% Principled  94.87%

Random 95.375%
Two Moons

Not Pruned 92.875%
Bayesian 17.0% - 19.65% - 21.5%  Principled  98.875%
Random 98.125%

It is interesting to observe that for the Two Moons dataset, the results show low
induced sparsity and no clear benefit from principled pruning. This outcome aligns with
expectations for variational dropout layers: in small or simple datasets, there is little
motivation for the model to suppress parameters, leading to lower sparsity levels. Also,
LeNet-300-100 is too complex for this task, so even random pruning does not lead to
a drop in performance. Applying the Bayesian approach for Two Moons does not
degrade performance, indicating that it remains a viable strategy even when sparsity is
not beneficial.

For MNIST and Fashion MINIST, the method is less effective in inducing sparsity,
compared to variational dense layers. This is because the levels of sparsity achieved with
variational dropout are significantly lower than those observed with variational dense
layers. Overall, while both methods can induce useful sparsity, variational dense is the

stronger candidate for larger datasets for two reasons :
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o As seen during benchmarking, variational dense is computationally cheaper than

variational dropout.

o It achieves significantly higher sparsity levels.

However, setting the parameters of the prior is required for variational dense layers
— for these experiments fiprior = 0 and op0r = 1.0. So in practice, it may require more
manual tuning than variational dropout, which has a KL divergence term that depends

only on the learned «.

4.3 MLP: Regression

As seen in the previous section, variational inference can induce useful sparsity, par-
ticularly when the training the data is sufficiently large and complex. It is therefore
interesting to explore what advantages these variational methods bring when training
data is limited. In this section, I will compare Variational Dropout (he additive repa-
rameterization trick) with Variational Dense with a Gaussian prior and posterior on the
regression dataset discussed in 4.1.3.

The KL divergence for variational dense layers will depend on the mean and variance
prior Gaussian, and these can be controlled by the user. In this experiment, the prior
is set to a Gaussian with t fii0r = 0.0 and oy, = 2.0, reflecting that the weights are
loosely regularized.

For both cases, I implemented a learning schedule, in addition to the annealing sched-
ule. An MLP with just one single hidden layer was used for both scenarios — the hidden
layer has 64 neurons. For both variational dense and variational dropout, during warm-
up, which is set to 150 epochs, the KL divergence term is shut. Then, for the remainder
of 250 epochs, the KL divergence is gradually annealed. As explained previously, the
KL divergence for variational dropout depends only on the dropout rate a. The learning
rate was varied as follows: for the first 100 epochs (during part of the "warm-up" phase)
the learning rate was set to 0.1 and then, for the remainder of the 300 epochs, it was
decreased to 0.01 (for both warm-up and annealing phases).

The variational energy during training is shown below.
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Figure 4.11: Variational Energy for the two scenarios (a) Variational Dropout using
Additive Reparameterisation and (b) Variational Dense for a custom MLP with one
hidden layer. A learning rate schedule was implemented in addition to the KL annealing
schedule.

The final value for the variational energy is 60 for Variational Dropout, and 500 for
Variational Dense. I use 200 samples from the trained model to make predictions and

calculate the uncertainty.
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Figure 4.12: Predictions on test set (a) Variational Dropout using Additive Reparame-
terisation and (b) Variational Dense for a custom MLP with one hidden layer

The results indicate that Variational Dropout significantly outperforms Variational
Dense layers in this regression task. In Scenario (b), one possible explanation for the
poor performance of the Variational Dense model is the choice of prior, which must be
manually selected and effectively treated as a hyperparameter. In contrast, Variational
Dropout does not require a manually specified prior, as the KL divergence is computed
directly from the dropout rate a.

In Scenario (a), Variational Dropout not only produces predictions that closely follow
the test set, but also demonstrates meaningful uncertainty estimates in regions with sparse

or no training data. Interestingly, in areas with little or no training data, the model tends
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to be more confident, which suggests that it has learned a useful inductive bias from the
available data. In contrast, the Variational Dense model in Scenario (b) appears to be
both highly uncertain and poorly fitted, indicating that its posterior distribution is not
well calibrated to the data.

It is also useful to compare Variational Dropout with a standard Frequentist regression
model trained using the same architecture, learning rate, and number of epochs. As shown
in the figure below, the Frequentist model tends to overfit and fails to capture certain
features of the target function — missing some of the peaks in the signal. Moreover, the
Frequentist model lacks uncertainty estimates, whereas the Variational Dropout model
provides both accurate predictions and calibrated uncertaint, making its outputs more

nuanced and interpretable.
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Figure 4.13: Predictions on test set (a) Variational Dropout using Additive Reparame-
terisation and (b) Frequentist for a custom MLP with one hidden layer

Even when disregarding uncertainty quantification and considering only the point-like
predictions, the Variational Dropout model more accurately captures the sinusoidal peaks
of the target function. A direct comparison of the mean squared error (MSE) for both
models confirms that Variational Dropout outperforms standard Frequentist training in

terms of predictive accuracy.
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4.4 MLP in Transformer: Binary Sentiment Classi-

fication

For this experiment, I will use the classifier discussed in section 3.2. I will investigate if re-
placing the FNN in the original classifier with variational dropout layers using Molchanov
et al. (2017) method can induce useful sparsity. The experiment is conducted on the

IMDB Review Dataset introduced earlier, across three different scenarios:

» The entire dataset is used (50000 instances).
o A randomly sampled subset of 5000 instances is used.

e An even smaller randomly subset of 1000 instances.

In each of the three scenarios the train - test split is 50% - 50%/ . 1 first present the
results on the full dataset, such that 25000 instances are used for training, and 25000 for
testing.

Both variants of the classifier (Frequentist and part-Bayesian) are trained under iden-
tical conditions. A vocabulary of size 18457 is constructed, the maximum length of tokens
is set at 120 and the embedding dimension is 32. Training is performed using the Adam
optimizer with a fixed learning rate of 0.01, batch size of 32, and for 30 epochs.. For
the Transformer Classifier with a Variational MLP, the KL divergence term is linearly
annealed. The KL divergence term is annealed but the models are not pre-trained.

The figure below presents the training and test accuracies for the two scenario:

o The classifier is trained with Frequentist FFN.
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o The classifier is trainec with Variational Dropout FFN.
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Figure 4.15: Test and training accuracy for (a) a Dense layer FFN and (b) VD FFN
inserted inside the Transformer Encoder block.

The final accuracy on the test set is 80.9% for both cases. Looking at the evolution
of training and test accuracies, it is clear the model overfits. Also, training the model for
longer does not seem to help, as the accuracy on the test set peaks after a few epochs.

Principled pruning seems to offer a small increase in accuracy, which is not the same for

randomly pruning.
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Figure 4.16: Sparisities for the Variational FFN
The steps above are repeated for smaller samples. The size of the dataset represents

the number of total samples from which 50% will be used for training and the remaining

50% for testing.
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Size | Vocab Size | Dense Acc. | VD Acc. Sparsity Principled | Random
50000 18510 80.9% 80.9% 30.76% - 28.32% 80.9% 80.7%
5000 4019 74.3% 74.9% 57.47% - 61.25% 74.9% 74.6%
1000 119 66.4% 66.8% 93.51% - 94.24% 66.8% 67%

Table 4.4: Comparison of model accuracy and FFN sparsity across different dataset sizes.
"VD" refers to Variational Dropout, "Principled" to the accuracy when the weights are
pruned based on the learned dropout «, and "Random" to the accuracy where a number
of weights are pruned at random based only on the calculated sparsities.

The results in Table 4.5 indicate that replacing the feedforward network (FFN) with
Variational Dropout layers does not result in clear improvements for this particular task.
Interestingly, as the total dataset size decreases, the sparsity induced between variational
dropout layers increases, yet pruning these weights do not improve accuracy. One possible
explanation is that the Transformer classifier may be overparameterized for this dataset,
so even random pruning has little to no effect on accuracy.

Overall, the current results do not seem to demonstrate a clear advantage to using
Variational layers within Transformer architectures for sentiment classification. However,
I believe this topic warrants further investigation. A more comprehensive exploration of
Bayesian methods in Transformer architectures could form the basis of different research

project.
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5 Conclusions

The overall goals of this project were to investigate the Bayesian neural network and
implement a practical inference algorithm for BNNs, that is, a practical building block
to do Bayesian BNN in the language of Julia.

I created a Julia module, VariationalMLP. j1, that allows users to create a practi-
cal Bayesian MLP based on several VI implementations found in literature, namely in
Molchanov et al.(2017), Kingma et al.(2015) and Graves(2011). I investigated the per-
formance of Bayesian MLPs both as standalone architectures, or as part of an Encoder
block of a Transformer, using the VariationalMLP. j1 module.

In the following, I will circle back to the research questions, and try to answer them

based on the results.

e Q1 : What advantages and practical challenges come with implementing Bayesian

MLPs for supervised learning?

The main challenge is balancing implementation efficiency with adherence to the
mathematical formulation. Benchmarking and experiments reveal that BNN layers con-
sume roughly ten times more time and memory compared to standard dense layers in
\texttt{Flux}. This computational cost is justified by the closer fidely to the Bayesian
mathematical framework, which enables the model to learn useful sparsity, particularly
when the KL divergence term is annealed.

An interesting finding is that BNNs with annealed KL divergence can serve as effective
tools for inducing sparsity in pre-trained networks, facilitating weight pruning without
accuracy loss. Practically, pre-training BNNs in a Frequentist fashion yields better ini-
tialization, improved accuracy (lower test error), and reduced training time overall.

A summary of the previous results :

o Variational dense layers can both induce up to 80-90% sparsity, with negligible
drops in accuracy for large datasets like MNIST and Fashion MNIST.

» Variational dropout layers induce significantly less sparsity for MNIST and Fashion
MNIST.
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« For small datasets, variational dropout layers shine when it comes to interpretability
as they prove robust to error quantification, but sparsity induced in these scenar-
ios is not necessarily useful. As seen for the regression experiment, variational
dense layers require more tuning, as the correct prior must be used, but varia-
tional dropout layers outperform all methods and they present good uncertainty

quantification.

o MLPs with variational layers offer uncertainty quantification for accuracy but also

for individual predictions.

Thus, Bayesian training offers a principled approach for pruning and uncertainty quan-
tification at the cost of increased computational complexity. This cost can be mitigated
by combining BNN training with Frequentist pre-training, as demonstrated in Section
4.1.

e Q2 : How do different methods of implementing Bayesian MLPs compare?

Variational dropout with additive reparameterization and variational dense layers con-
verge faster than the multiplicative reparameterization approach. This difference appears
to be related to parameterization: both additive methods use o to absorb the dropout
parameter «. Performance differences largely stem from variations in KL divergence

implementations.

e Q3 : What are the advantages of replacing feedforward layers (MLPs) with Bayesian

Variational Layers in transformer building blocks(Vaswani, 2017)7

No clear advantages were observed in this context, but replacing feedforward layers
with variational ones does not harm accuracy. Random pruning of weights in Transformer
feedforward networks similarly has little impact on performance, so the benefits of vari-
ational dropout remain unclear here. Also, randomly pruning the FFN layers seems to
suggest that the Transformer classifier already contains to many parameters, which make
it even more difficult to understand the advantages of variational dropout in this context.
Further experiments should be conducted, but they would merit a separate, dedicated
study.

There are several future directions that can be envisaged:
e Develop highly optimized variational layers, both with and without dropout.

o Extend variational inference techniques to the Transformer’s attention layers and

study variational Transformers more thoroughly.

o Consider the implementation of these reparameterisation tricks for convolutional

layers.
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A Appendices

A.1 VI: Mathematical Proofs

In this section, I want to derive the formula for variational energy based on Graves(2011).
While the following derivation follows Graves(2011) closely, there are many details that
I consider here.

I define a Neural Network as a parametric model that assigns a conditional probability

to the data given its weights. This is the likelihood:

P(D|w) (1)
The dataset D consists of features x and targets y:
D={xy} (2)
The weights w are a set of real-valued parameters:
w = {wi}il, (3)
A prior over weights, ensures the weights are regularized via a:
P(w | a) (4)
The objective is to compute the posterior over weights given the data:

P(w|a)P(D|w)

P D = 5
The loss as the negative log-likelihood:
LY(w,D)=—InP(D | w) (6)

In variational inference, the aim is to find an approximate posterior Q:

Qw | B) (7)
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This is done via minimizing the KL divergence between the variational distribution

and the true posterior:

KLQ | P) = [l g | ;2002w ®)
Using In(a/b) = Ina — In b:
KL@Q [ P) = [ Q(w|B)nQ(w | B)dw (A1)
- [Qw| B P(w|D,a)dw (9)
Substituting Eq. (5) into the second term:
KL@Q | P) = [Q(w ][ B)nQ(w| B) dw (A.2)
= [Q(w | B)n[P(w | a)P(D | w)] dw (A.3)
+In P(D) (10)
Using properties of logs:
KLQ | P) = [ Qtw | A | 5 DB i (A4
+1n P(D) (12)
This becomes:
KL(Q || P) = —Eq [m P(ngvilr(;)) | W)l +1n P(D) (14)
Since KL(Q || P) > 0, it follows:
In P(D) > Eq |In P<Wg;‘v3]’3(£ | W)] (17)

The right-hand side is the Evidence Lower Bound (ELBO), and its negative is the

variational free energy:

(18)

P(Q) - ~Eq [m P(w | @)P(D| W)]

Q(w | B)
Separating likelihood and prior:
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F(Q) = KL(Q(w | B) || P(w | @) + Eq |£Y(w,D)] (20)

Now define:

L*(B,D) = Eq |L" (w,D)] (21)
L e, B) = KL(Q(wW | B) || P(w | ) (22)

So the variational loss becomes:
L(e, 8, D) = L*(B,D) + L (v, B) (23)

A.1.1 Gaussian Approximation and Monte Carlo Estimation

Let Q(w | B) be a diagonal Gaussian:

N
Qw | B) = [T N(wi | i, 07) (25)
i=1
And let the prior also be Gaussian:
N
P(w | @) = [[N(w | 1,0%) (27)

i=1

The expected negative log-likelihood can be estimated via Monte Carlo:

1

s
LE(B, D)~ - > LYw® D) where w® ~ Q (28)
k=1

|

A.1.2 Gradients

Using reparameterization and standard identities it is easy to show:

oL 1 & ocN(wk, D
o~ Ly 06w D) (30)
o S&T owy
oLF 1 & 8LV (wh, D)
FElabTD D w (32)

KL Divergence Between Gaussians

Practically, the KL divergence is the expectation of the logarithm of the ratio:
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10, §) = <logQ(W'ﬁ>> (33)
w~Q(w|B)

P(w | a)

The logarithm of a ratio is the difference of logarithms:

LY (a, 8) = (log Q(w | B) —1og P(W | a))gco(wi) (34)
Recalling Eqgs. (25) and (27), we expand the log-densities of Gaussians (dropping
constants):
X1 2 1 2
logQ(w | B) =3 5 log(2may) — 9 5 (Wi — ;) (35)
i=1 g;
N L 1 )
log P(w | @) g 5 g(2mo?) — Tﬂ(wi — ) (36)
Therefore, the difference becomes:
o 1[1 , 1 ,
log Q(w | 8) —log P(w | a) = Zlogj—§ —3(wi = )" = — (wi — p) (38)

Taking the expectation over Q):
N N
o o
log— ) =) log— 39
(Rpoe ) = s )

<§ i - m)2> - il (40)

i=1 i

To compute the third term, we rewrite the squared term:

(3 datw =) = (32 = )+ = ) (12)

(32 ot =) = 3= 2 (ol = )+ (s =+ 2 = 0Bl — ]
:iziJr (Mi;Q,U)Q (44)

Note: The cross-term vanishes because Eq[w; — ;] = 0.

Putting everything together:
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N
c _ g 1 2 N2 2
L (avﬁ) - Zz::lloga + 202 (Oi + (/lz ,LL) o )

The KL divergence can be expanded analytically:

chilna—kl[az—k(u-—uf—aﬂ
= o 202L° ’

And its gradients:

oLc

Hi —

Opi N
oL¢ B

2
Jo;

A.1.3 Gradient of the Total

Combining the above:

oL i — 1

pi—p 1
Ol o? S
oL _1(1 1
ooz~ 2\0?2 o2

o2

(L_1
- 2\02  o?

Loss
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A.2 User Manual for Variational MLP.jl

This is a quick guide to using the VariationalMLP. j1 module, including model creation,
data preparation, training, and pruning. All code was developed and tested in a Julia
environment using version 1.11.3 and the Jupyter interface. The full list of package

dependencies is recorded in the file Project.toml.

A.2.1 Installation and Requirements

Ensure you have the following dependecies installed:
e Flux ( v0.14.25)
e Random

To use the custom VariationalMLP.jl module, the user must ensure that the file is

correctly included and loaded from its local path
julia

cd /your/project/path

include (" Variational MLP . jl1")

using . VariationalMLP

If already in a Jupyter notebook, then simply include the path:
julia
path = "your_ path/VariationalMLP . jl"

include (path)
using .Variational MLP

A.2.2 Creating a Model

Use the make_model function to build a variational MLP. The user can specify the archi-
tecture, the type of layers, the type of initialization. For a randomly initialized LeNet-
300-100 network, with variational dropout layers done as per Molchanov et al.(2017)
do:

Listing A.1: Creating a 3-layer variational MLP

using VariationalMLP , Flux

model = make model ([784, 300, 100, 10];
activations = [relu, relu],

final activation = identity ,
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variant = :molchanov,

init = :random)

A.2.3 Training with Flux

The model is compatible with standard Flux training workflows via withgradient. The
model can be trained for either a regression or classification task, and, with or without
warming up, and up to the full variational objective. To set up training the model for

classification, with warm up and up to the full variational objective do

Listing A.2: Training the variational model

opt = Flux.setup (Adam(le—3), model)
for (x, y) in data_loader

loss , grads = Flux.withgradient (vd_model)do m
energy loss(m, x, y, N; kl scale=1.0f0,
enable warmup=:true,
task_type=:classification)
end

Flux.update!(opt, model, grads|[1])

end

A.2.4 Monitoring Sparsity
You can inspect layer-wise sparsity after training:

Listing A.3: Checking sparsity
sparsity logs = model sparsity (model)

println ('Layer—wise sparsity: ", sparsity_logs[l], sparsity_logs[2], sparsi

A.2.5 Pruning the Model

After training, prune based on thresholds on log a:

Listing A.4: Example pruning logic
for layer in model.layers
if isa(layer, VariationalDropoutMolchanov)

log =@. layer.log 2 — 2f0 % log(abs(layer. ) + 1f—8)
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mask = log .> 3.0f0

layer. [mask] .= 0.0f0

layer.log 2 [mask] .= —1el0f0
end

end

Different pruning functions exist for other layers.

A.2.6 Notes

o KL divergence is automatically selected based on the chosen variant.
« Supports both regression and classification via the task_type flag.

» Variational energy is summed per batches and logged per epoch, and can be plotted

over time, same as sparisity.
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